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BBe^eHHe 


IloHaTHe BepoaTHOCTHoro aBTOMaxa (BA) BnepBbie Gbijio c(|)op- 
MyjiHpoBaHo B 1963 r. b ocHOBonojiararoipeH paGoxe M. Pa6HHa [1]. 
/(aHHoe noHHTHe boshhkjio Kax cHHTea noHaxHH KOHeanoro ^exep- 
MHHHpoBaHHoro aBxoMaxa |2] h penn MapxoBa [3] h 6bijio npepna- 
SHaaeno pjia nocxpoenna MaxeMaxHaecKHx Mopejien pHHaMHaecKHx 
CHCxeM, B KoxopBix npHcyxcxByex neonpepejieHHocxB, onncBiBaeMaa 
cxaxHcxHHecKHMH saKOHOMepHocxaMH. 3xa neonpepejieHHocxB cbh- 
aana: 


• c HexoHHocxBio 3HaHHH o cocxoaHH3x, B KoxopBix MopejiHpye- 
MBie cHcxeMBi Haxopaxca b npopecce CBoero cJiyHKpHOHHpoBa- 
HHH, H 

• C HepexepMHHHpOBaHHOCXBK) npaBHJI H3MeHeHH5I 3XHX cocxoa- 
HHH. 

HeonpepejieHHocxB b BA Moxcex 6bixb BBiBBana pa3JiHHHBiMH npn- 
HHHaMH, KoxopBie noppa3peji3ioxca na paa Kjiacca. 

1. IlpHHHHBI H3 nepBOrO KJiaCCa CB33aHBI C npHpopOH CHCXeMBI, 
MopejiHpyeMOH BepoaxHocxHBiM aBxoMaxoM. K hhm oxHocaxca: 

• BjinaHHe cjiyaafinBix cJiaKxopoB na (JiyHKpHOHHpoBaHHe 
CHCxeMBi, HanpHMep: cjiyaafiHBie c6oh KOMnoHenxoB ch- 
cxeMBi HjiH oxKa3Bi B Hx paGoxe, cjiyaaHHoe HBMeneHHe 
yCJIOBHH (l^yHKpHOHHpOBaHHH aHajIH3HpyeMOH CHCXeMBI, 
cjiyHaiiHocxB noxoKa BaaBOK b cncxeMe MaccoBoro oGcjiy- 
JKHBaHHH H X. H.; 

• HeCOBepmeHCXBO (hJIH HeB03M0>KH0CXB) XOHHOrO H3Mepe- 
HHa COCXOaHHH 3XOH CHCXeMBI. 
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2. BxopoH Kjiacc npHHHH cBaaan c npe^HaMepeHHbiM BHecenneM 
HexoHHocTH H Heonpe^ejieHHocxH b MaxeMaxH^ecKne Mo^ejin 
anajiHanpyeMBix cncxeM. 3xo ^ejiaexca b xex cjiyna^x, Kor^a 
xoHHBie Mo^ejiH aHajiH3HpyeMBix cncxeM HMeiox HenpneMjie- 
Mo BBicoKyio cjiojKHocxB H npoBe^eHHe anajiHsa noBe^eHHH 
xaKHx cHcxeM B03M0JKH0 xojiBKo c HcnojiB30BaHHeM Hx ynpo- 
ipeHHBix MOflejiefi, b KoxopBix HeKoxopBie KOMnoHenxBi cocxo- 
5IHHH 3XHX CHCXeM HXHOpHpyiOXCH. B HaCXHOCXH, aHajIH3 no- 
Be^eHHa cjiojkhoh nporpaMMHofl cncxeMBi (nanpHMep, onepa- 
pHOHHOH CHCXeMBI KOMHBIOXepa) B 6ojIBmHHCXBe CJiynaeB B03- 
MOJKen XOJIBKO c HcnojiB30BaHHeM xaKHx ynpoipeHHBix Maxe- 
MaxHHecKHx Mo^ejieH sxhx chcxcm, b KoxopBix npHHHMaioxca 
BO BHHMaHHe 3HaHeHH3 jiHiuB HOKoxopBix HpoxpaMMHBix nepc- 
MCHHBix, OX KoxopBix cyipecxBeHHo 3aBHCHx noBe^eniie anajin- 
3HpyeMOH nporpaMMHOH ciicxeMBi. 

KaK npaBHjio, Mo^ejinpoBaHiie chcxom npn noMorpn BA npoH3- 
BO^HXca: 

• jih6o c pejiBio anajiHBa cbohcxb oxhx chcxcm (k nncjiy Koxo¬ 
pBix OXHOC5IXC3, nanpHMep, KoppeKXHocxB, 6e3onacHocxB, na- 
^ejKHocxB, ycxoHHHBocxB (JiyHKpHOHHpoBaHHn B Hcnpe^ycMox- 
peHHBix CHxyapnnx n x. fl.), 

• jih6o c pejiBio BBinncjiennn paBJinnnBix KOJinnecxBennBix xa- 
paKxepncxHK anajiHBnpyeMBix chcxom, cpe^n Koxopnix Moryx 
6 bixb, nanpHMep, ciie^yromne: 

— nacxoxa BBinojinennH xex hjih hhbix ^encxBHH hjih nepe- 
xoflOB B anajiHBHpyeMBix cncxeMax, 

— BepoHXHocxB oxKa3a KOMnonenxoB anajiHBnpyeMBix cn- 
cxeM, 

— BeponxHocxB BxopjKennn BJioyMBimjiennHKa b kombbio- 
xepnyio cexB, 

— MaxeMaxnnecKoe oncn^anne BpeMenn oxKjiHKa Be6-cepBHca. 

IlepBOHanajiBHoe noHHxne BA, BBe^ennoe b paGoxe M. PaGnna 
[1] , Gbijio npe^naBHaneno xjiaBHBiM o6pa30M ^jin HBynennH BonpocoB 
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npe^cTaBHMocTH peryjiapHbix 33t.iKOB BepoaxHocTHbiMH aBTOMaxa- 
MH. SaxeM OHO Gbijio oGoGmeno ^o xaKoro hohhxhh, Koxopoe no3- 
BOJiHJio Mo^ejiHpoBaxB BepoHXHocxHbie npeoGpa30BaxejiH HHcJiopMa- 
pHH. Onpe^ejieHHe BA b oGmefi cJiopMe Gbijio BBe^eno He3aBHCHMo 
B paGoxax KapjiaHjia |1], P. F. ByxapaeBa j5] h H. LQxapKe |6]. 

C Hanajia BOBHHKHOBeHHH noHHXHH BA Hccjie^oBaxejiBCKaH flea- 

XejIBHOCXB B 3XOH oGjiaCXH OXJIHHajiaCB BBICOKOii aKXHBHOCXBK). Pe- 
3yjiBxaxBi nepBBix jiex Hccjie^oBaHHH b oGjiacxH BA Gbijih cHcxeMa- 
XH3HpOBaHbI B KHHXe j7]. Ho^^PoGhBIH CHHCOK (oKOJIO 500) CCblJIOK 
Ha paGoxbi c HanGojiee cymecxBeHHBiMH xeopexHHecKHMH h npax- 
xHHecKHMH pe3yjiBxaxaMH no BA, nojiyHeHHBiMH ^o 1985 r., mojkho 
HanxH B (JiyHflaMeHxajiBHOH MOHorpa(|)HH P. P. ByxapaeBa |S], ko- 
xopyio MOJKHO paccMaxpHBaxB KaK hxox nepBoro nepno^a pa3BHXHH 
xeopHH BA, npofloJiHcaBHierocH Gojiee ^Byx ^ecHXHjiexHH. 

B Hocjie^yiomHe xo^bi npoH3omjio neKoxopoe cHHHceHHe axxHB- 
HOCXH HCCJie^OBaHHH B 3XOH oGjiaCXH, HO B HaCXOHmee BpeMH xeopHH 
BA BHOBB HaXO^HXCH B COCXOHHHH HO^X-eMa. Bo3pO>KfleHHe HCCJie- 
flOBaxejIBCKOH aKXHBHOCXH B oGjiaCXH BA B 3HaHHXejIBHOH CXeneHH 
CBH3aHO C XeM, HXO B CBH3H C GypHBIM pa3BHXHeM COBpeMOHHBIX HH- 
(JiOpMapHOHHBIX XeXHOJIOXHH B03HHK HIHpOKHH KpyX HOBBIX 3aflaH, B 
pemeHHH KOXOpBIX BA Moryx CJiyJKHXB 3(|)4)eKXHBHBIM HHCXpyMeH- 
xoM. K HHCJiy xaKHx 3aflaH oxhochxch 3aflaHH b cjie^yiomHx oGjia- 
cxHx: 


• BepHcJiHKapHH nporpaMM h npoxoKOJioB nepe^anH ^aHHBix b 
KOMHBIOXepHBIX CeXHX, 

• HHcJiopMapHOHHBiH HOHCK B HnxepHexe, 

• 4)HHaHCOBO-3KOHOMHHeCKHH aHajIH3, 

• oGpaGoxKa h H3BjieHeHHe 3HaHHH h3 Gojibhihx MaccHBOB ^an- 
HBix (data mining h process mining), b HacxHocxH, b Ba^anax 
aHajiH3a GH3Hec-npoH,eccoB, GHOHHJKenepHH h GHOHH(|)opMaxH- 
KH, 

• H3BJieHeHHe CMBICJia H3 XeKCXOB Ha eCXeCXBeHHBIX H3BIKaX, 

• MamHHHoe 3peHHe h oGpaGoxxa HBoGpaxceHHH h ^p. 
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HanajioM coBpeMeHHoro sxana pasBHTHa xeopHH BA mojkho chh- 
xaxB paGoxy [S], b Koxopofl paccMoxpeHBi BA, BosHHKaiomHe npn 
Mo^ejiHpoBaHHH napajiJiejiBHBix BBiHHCJinxejiBHBix cncxeM c acnn- 
xpoHHBiM BsaHMo^eficxBHeM. B KanecxBe bbo^hbix xbrcxob b coBpe- 
MeHHyio xeopHio BA mojkho nasBaxB pa6oxBi nm H m - 

BjiaBHoe oxjiHHHe hoboxo noHHXHH BA ox xoro, Koxopoe nayna- 
jiocB B npe mn enxByTO TTT MB nepnofl, aaKjiioHaexca b xom, hxo b hobom 
noHHMaHHH BA onpe^ejiHexcH xax CHCxeivia nepexo^OB (transition 
system), c Koxopofi CBasano neKoxopoe mhojkooxbo nepeMenHBix. 
BA (JiyHKpHOHHpyex nyxeM BBinojineHHH nepexo^OB, nocjie KaJKfloro 
H3 KoxopBix npoHcxo^Hx oGnoBjieHHe aHaneHHH nepeMenHBix oxoro 
BA. Mojkho flOKaaaxB, nxo ecjin MnojKecxBo nepeMenHBix BA ko- 
nenno n MHOJKecxBa ananennH oxnx nepeMenHBix xonce KonennBi, xo 
HOBoe H cxapoe nonnxnn BA 6ypyT oKBHBajienxHBi. 

Hapn^y c ynoMnnyxBiMH BBime nonnxnnMH BA cymecxByiox n 
;];pyrHe Mo^ejin ^HnaMHnecKHx cncxeM co cjiynannBiM noBe^enneM, 
nanpHMep cxpBixBie MapKOBCKne Mo^ejin (hidden Markov models) 
|12) . daiiecoBCKHe cexn (Bayesian networks) jT3], BeponxnocxHBie 
rpa(|)HnecKHe Mo^ejin ini. MapKOBCKne pemaiomne npopeccBi (Mar¬ 
kov decision processes) jlS], BeponxnocxHBie I/O anxoMaxBi (proba¬ 
bilistic I/O automata) [16]. Bee oxn Mo^ejin hbjihioxch nacxnwMH 
cjiynauMH nexo^noro nonnxnn BA oGipero BH^a jS]. 

Hapn^y c nepenncjiennBiMH BBime Mo^ejiHMH b nocne^nne xo^bi 
naynaioxcn Mo^ejin ^HnaMHnecKHx cncxeM co cjiynannBiM noBe^e- 
nneM, nepexo^Bi b KoxopBix Moryx 6bixb accopnnpoBanBi ne xojib- 
KO C BeponXHOCXHMH HX BBinOJIHenHU, HO H C MOflajIBHOCXHMH must 
H may, Koxopuie nosBOJiaiox cymecxBenno ycnjinxB BBipaanxejiBHBie 
B03M0JKH0CXH 3XHX MO^ejICH HO CpaBHCHHIO c ^pyrHMH ynoMSHyxBi- 
MH BBime Mo^ejiHMH. OcHOBHBie KonpenpHH H Mexo^Bi, oxHocmpnecH 
K xaKHM Mo^ejiHM, coflepjKaxcH B cxaxBe |17) . 

TaKJKe naynaioxcn n ^pyrne o6o6iu;eHHH nonnxHH BA, b nacx- 
HoexH BepoHXHocxHBie cexH IlexpH [18], [19], BA c nenpepBiBHBiM 
BpeMeneM [5^, BeponxnocxHBie npopeccHBie ajirebpBi |21) . 
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rji3)B3) 1 


BcnoMoraxejibHbie noHSTHa 


1.1 CjiynaftHbie (})yHKLi;HH 

1.1.1 IloHaTHe cjiynaHHOH (l)yHKi],HH 

IlycTb aa^ana napa MHoacecTB X, Y. 

CjiyHaHHoii cJ)yHKii,HeH (CO) hs X b Y HasBiBaexcH npons- 

BOJIBHaa (JiyHKpHH / BH^a 

/:Xxy^[0,l], (1.1) 

yflOBjieTBopjiiomaH ycjioBHHM: 

• \/X E X MHOJKecTBo {y E Y \ f{x,y) > 0} KOHenno hjih 
CH exHo, 

• \/xeX E f{x,y) = 1. 

y& 

JXjis jiio6bix X E X r y E Y aHaHenne f{x,y) mojkho nnxepnpe- 
xHpoBaxB KaK BepoHXHocxB xoro, Hxo CO / oxo6pa>Kaex x b y. 

Ecjih / - CO Ha X B y, xo mbi Gy^eM oGoaHanaxB axox cJiaKx 
aanHCBK) f X —)■ Y. Mbi Gy^eM naaBiBaxB X oGjiacxbK) onpe^e- 
jieHHa CO f,aY- oGjiacTtro SHanenHii CO /. 

Ecjih fug- CO BH^a f : X ^ Y, g : Y ^ Z to bx komho- 
3Hii,HeH HaaBiBaexcH CO fg'.X -E Z, onpe^ejiHeMan cjie^yiomHM 
oGpaaoM: 

^xeX,^zeZ {fg){x,z) = Y,f{x,y)g{y,z) ( 1 . 2 ) 

y&Y 



CO fll.ip HasMBaeTCH fleTepMHHHpoBaHHoii, ecjin KajK;];o- 
ro X G X cymecTByex e^HHcxBeHHBm y eY, xaKOH, hxo f{x, y) = 1. 
Ecjih / - flexepMHHHpoBaHHaa CO BH^a fjl.ip . h x, ?/ - xaKne sjieMen- 
xBi X hY cooxBexcxBeHHo, hxo f{x,y) = 1, xo mbi Gy^eM roBopnxB, 

Hxo / OToSpajKaex x b y. 

1.1.2 MaTpHI],bI, COOTBGTCTByiOmHe KOHGHHBIM CJiy- 


HaHHBiM (JjyHKpnaM 


CO HasBiBaexcH KOHennoH (KCO), ecjin ee oGjiacxB onpe^ejieHHa 

H oGjiaCXB 3HaHeHHH 5IBJI5IIOXC3 KOHeHHBIMH MHOJKeCXBaMH. 

IlycxB aa^ana KCO f : X -E’ Y, n Ha X n Y sa^aHBi ynopa^o- 

HeHHH HX SJieMenXOB, KOXOpBie HMeiOX BH^ (xi, . . . .Xm) H (l/l, • • • , Vn) 
cooxBexcxBeHHo. Tor^a / mojkho npe^cxaBHXB b bh^b MaxpnpBi (o6o- 
SHanaeMOH xbm jkb chmbojiom /) 



(1.3) 


/ 


Hhjkb mbi 6yfleM oxojK^ecxBjiaxB Kaxc^yio KCO / c cooxbbx- 
cxByroipeH efi Maxpapefi (O. 

Mbi 6ypeM npepnojiaraxB, hxo pjia Kaxoporo MHOJKecxBa X, hb- 
jiHiomerocH o6jiacxBio onpepejieHna hjih oGjiacxBio aHaneHHH KaKofl- 
jih6o h 3 paccMaxpHBaeMBix KCO, na X aapano cJiHKCHpoBaHHoe yno- 
papoHenne ero ajieMenxoB. TaKHM o6pa30M, pjia KajKpoH paccMax- 
pHBaeMOH KCO cooxBexcxByioipaH efl Maxpnpa onpepejiena opno- 

3HaHHO. 

CorjiacHo onpepejieHnio npoH3BepeHH5i Maxpiip, h 3 fll.2p cjiepyex, 
Hxo Maxpnpa fg nBjiaexca npoHaBepeniieM Maxpaii; f h g. 

1.1.3 BgPOHTHOCTHBIG pacnpG^GJIGHHH 

BepoaxHOCTHbiM pacnpepejienHeM (hjih npocxo pacnpepejie- 
HHeM) Ha MHOHcecxBe X naaBiBaexcH npoHaBOJiBHan CO ^ BHpa 


^ : 1 ^ X 

r 
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r^e 1 - MHOJKecTBo, cocT05iin;ee hs o^noro sjieMeHxa, KOToptifi mbi 
G y^eM oGosHanaTb chmbojiom e. CoBOKynnocTB Bcex pacnpe^ejieHHfi 
Ha X MBi Gy^eM oGosHanaTB aanncBio X^. KajK^oro x E X 
H KajK^oro ^ E X^ aHaHenne ^(e,x) mbi Gy^eM oGosHanaTB Gojiee 
KopoTKo aanHCBK) x^. JXjis KajK^oro x E X mbi Gy^eM oGosHanaTB 
aanHCBK) pacnpe^ejieHHe h3 X^, onpe^ejiaeMoe cjie^yiomHM oG- 
pasoM! \/y E X 1, ecjiH y = x, h y^^ 0, ecjiH y ^ x. 

1.2 CxpOKH H (})yHKLi;HH Ha CTpOKaX 

1.2.1 CxpoKH H CBasaHHbie c hhmh nonaxHa 

JXjis KajK^oro MHoxcecTBa X mbi Gy^eM oGoaHanaTB aanncBio X* 

COBOKynHOCTB BCeX KOHeHHBIX CXpOK, KOMHOHeHXaMH KOXOpBIX HB- 

jiHioxcH ajieMBHXBi X. MnojKecxBo X* co^epjKHx nycxyro cxpoKy, 
OHa oGoanaHaexcH chmbojiom e. 

JXjis KajK^oro x E X cxpoKa, cocxonipaH h3 o^hoxo sxoro 3Jie- 
MCHxa, oGoaHanaexcH xoh jkc aanncBio x. 

J\jis Ka>K;i;oH cxpoKH u E X* ee fljiHHoii HaaBiBaexcH kojihhc- 
CXBO KOMHOHCHXOB 3XOH CXpOKH. ^JIHHa HyCXOH CXpOKH paBHa HyjIIO. 
JXwHa cxpoKH u oGo3HaHaexcH aanncBio |m|. 

J\jis KajK^oro pejioro HHCJia k > 0 aanncH X^, X-^, X^^, X-^, 
X^^, oGoananaiox coBOKynnocxH Bcex cxpoK h 3 X*, ^jinna Koxopnix 
paBHa k, MCHBine hjih panna k, h x.^., cooxBexcxBCHHo. 

KajK^OH napBi cxpoK u,v E X* hx KOHKaTeHau,HeH Haani- 
BaexcH cxpoKa, oGoaHanaeMaH aanncBio uv, h onpe^ejiHCMaH cjie^y- 
lomHM oGpaaoM: 

del def 

• US = eu = H 

• eCJIH U = Xi . . . Xn V = x[ . . . x'^, XO UV^ Xi . . . XnX'i . . . x'^. 

JXjis KajK^OH cxpoKH u E X* aaHHCB u oGoananaex cxpoKy u, 
aaHHcaHHyio b oGpaxHOM nopH;i;Ke, x.e. e = e, n ecjiH u = xi... Xn, 

TO it = Xn ■■■ Xi- 

1.2.2 <l>yHKi],HH Ha cxpoKax 

IlycxB aa^ano kohchhoc mhojkccxbo X. 
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OyHKii,HeH Ha cxpoKax h3 X* mm Gy^eM nasMBaTb npoHS- 
BOJibHyio (JiyHKpHio BH^a / : X* —)■ R (r^e chmboji R oGosHanaeT 
MHOJKeCTBO ^efiCTBHTejIBHBIX HHCejl). CoBOKynHOCTB Bcex 4)yHKn;HH 
Ha cxpoKax h3 X* mbi Gy^eM oGosHanaTB aanncBio R^*. 

Ha MHOHcecTBe R^ onpe^ejieHBi cjie^yiomHe onepapHH. 


• Jins 4)yHKii;HH /i ,/2 G R^ hx cyMMa /i + /2 h pasHOCTt 
fi — f2 onpe^ejiHioTCH cjie^yiomHM oGpaaoM: 


(/l + f2){u) = fl{u) + f2{u), 
(/l - f2){u) = fl{u) - f2{u) 


• Jins KaJK^oro a G R h Kaxc^OH (JiyHKpHH / G R^ 
/i,eHHe af onpe^ejiHexcH cjie^yiomHM oGpasoM: 


npoHSBe- 


\/u E X* {af){u) = af{u). (1.5) 


MnojKecxBo R^* mojkho paccMaxpHBaxB Kax Bexxopnoe npo- 
cxpaHcxBo Ha^ R oxHocHxejiBHo onpe^ejieHHBix BBime onepapHH cjio- 
JXeHHH H yMHOJXeHHH Ha HHCJia H3 R. 


1.3 ABTOMaTbi My pa 

1.3.1 IloHaTHe aBTOMaxa Mypa 
ABTOMax Mypa - sxo coBoxynnocxH oGx.exxoB 

M = (X, y, 5, A, s°) (1.6) 

(Ha3BiBaeMaH b sxom naparpacjie npocxo aBTOMaxoivi), xoMnoHeHXBi 
xoxopoH HMeiox cjie^yion^HH cmbicji: 

• X, Y, S - MHOJxecxBa, sjieMenxBi xoxopBix Ha3BiBaioxcH coox- 
BeXCXBeHHO BXO/l,HBIMH CHFRajiaMH, BBIXOflHbIMH CHFHa- 
JiaMH, H COCTOHHHHMH aBxoMaxa M, 

• (5:5'xX—)-5 'hA;S'—)- y - oxoGpaxceHHH, Ha3BiBaeMBie co- 
oxBexcxBeHHo OToSpaHceHHeM nepexo/i,a h OToSpanceHneM 
BBixofla aBxoMaxa M, 
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• s° - sjieMeHT S, Ha3t.iBaeML.iH HaHajibHtiM cocToaHHeM aB- 
TOMaxa M. 

Abtombt HBjiaeTCH Mo^ejiBio ^HHaMHHecKOH cHcxeMBi, pa6oxa 
KOXOpOH npOHCXO^HX B flHCKpeXHOM BpeMCHH H 3aKJHOHaeXCH B 

• H3MeHeHHH COCXOHHHH HOfl B03fleHCXBHeM BXO^^HBIX CHXHajIOB, 
HocxynaioipHx na ee bxo^, h 

• BBi^ane b KajK^BiH MOMenx BpeMenn t = 0,1,... neKoxoporo 
BBixo^Horo cHXHajia. 

OyHKpHOHHpoBaHHe aBxoMaxa M BH^a (ra npoHcxo;];Hx cjie^y- 
TO TTT HM o6pa30M. B KaJK^^BIH MOMeHX BpeMCHH t = 0, I 5 • • • aBxoMax 
M HaXO^HXCH B HeKOXOpOM COCXOHHHH s(t), HpHHeM s(0) S°. B 

KaJK^BIH MOMeHX BpeMeHH t aBXOMaX M 

• HOJiynaex bxo^hoh cHXHaji x{t) G X, 

• nepexo^Hx b cocxoHHHe s{t + 1) 5{s{t),x{t)), h 

• BBi^aex BBixo^HOH cHmaji y{t) A(s(t)). 

1.3.2 /],OCTHiKHMbie COCTOHHHH H peaKI],HH aBTO- 
Maxa 

IlycxB M - aBxoMax BH^a (fTel) . A],jih KaJK^oro s G S' h KaJK^ofl 
cxpoKH u G X* 3anHCB su o6o3HaHaex cocxoHHHe, onpe^ejiaeMoe 
HH^yKXHBHo cjieflyiomHM o6pa30M: se =^s, h ecjiH u = vx, r^e v G X* 
H a; G X, xo SM = 5{sv,x). Hexpy^no BH^exB, hxo ecjiH cxpoxa u 
HMeex BHfl a:o • • • xo SM - oxo cocxoHHHe, b Koxopoe nepen^ex M 
Hepe3 n + 1 xbkxob BpeMenn, npn ycjiOBHH, nxo 

• B XeKyipHH MOMeHX BpeMeHH t OH HaXOflHJICH B COCXOHHHH S, H 

• B MOMeHXBi t,t + l,...,t + nHa bxo^ M no^aBajiHCB cnrHajini 
Xo, Xi, . . . , Xn COOXBeXCXBeHHO. 

CoCXOHHHe S ^ S Ha3BIBaeXCH flOCXHJKHMblM, eCJIH OHO HMeex 
BHfl S^U flJIH HeKoxoporo u G X*. 
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PeaKii,H5i aBTOMaxa M - sto oTo6pa>KeHHe /m : X* —)■ F, onpe- 
^ejiaeMoe cjie^yiomHM oGpaaoM: 

\/ueX* /a^(k) A(s°m). 

HeTpy^Ho BH^eTb, hto ecjiH cxpoxa u E X* HMeex bh^ xq .. .Xn, 
TO /m(w) - 3X0 BBIXOflHOH CHXHajI, KOXOpBIH BBI^aeX M B MOMeHX 

n + 1, ecjiH B MOMeHXBi 0,1,..., n Ha ero bxo^ no^aBajiHCB cHXHajiBi 

Xq, Xi, . . . , Xn COOXBeXCXBeHHO. 

ABXOMaXBI HaSBIBaiOXCH 3KBHBajieHTHbIMH, eCJIH HX peaKpHH 
coBna^aiox. 

1.3.3 /],ocTHiKHMaH HacTb aBTOMaxa 

IlycxB M - aBxoMax BH^a fll.6p . 06o3HaHHM 

• CHMBOJIOM S' MHOJKeCXBO BCCX flOCXHJKHMBIX COCXOHHHH M, H 

• CHMBOJIOM M' aBxoMax, HOJiynaeMBiH h3 M 3aMeHOH S na S", 
H oxo6pa>KeHHH (5 H A Ha orpaHHHeHHH 3 xhx oxo6pa>KeHHH na 
HO^MHOJKeCXBa S" X X H S" COOXBeXCXBCHHO. 

(nexpy^Ho bh^cxh, hxo Vs G S", Vjc G X 5{s,x) E S') 

AnxoMax M' Ha3BiBaexc5i flocTH:a<;HMOH nacTBio anxoMaxa M. 
OhOBH^HO, hxo M H M' SKBHBajieHXHBI. 

EcJIH X H S' KOHCHHBI, XO S' MOJKCX 6bIXB HaH^CHO cjieflyioiu;HM 
o6pa30M: onpe^ejiHM nocjie^OBaxejiBHOcxB S'o C S'! C S '2 C ..r^e 

• 5o"='{s°}, 

• Vz > 0 Si+i Si U {sx I s G Sj, X E X}. 

T.K. BCe HJICHBI HOCJie^OBaxejIBHOCXH So, Si, ... - HO^^MHOJKeCXBa 
KOHCHHoro MHOJKecxBa S', XO 3 fc < [S'! : Sk = S'^+i. Hexpy^no bh- 
^exB, HXO Sk = S'. 

1.4 JlHHeiiHbie aBTOMaxM 

riycxB Ba^aHBi kohchhoc mhojkccxbo X h naxypajiBHoe hhcjio n. 
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JlHHeHHMM aBTOMaTOM (JIA) pasMepHocTH n Ha^ X Mbi 6y- 
^eM HasbiBaTb xpofiKy L BH^a 


L=K",{L"|a:eA'},A), ( 1 . 7 ) 


rfle 

• - BeKTop-cxpoKa pasMepHocxH n na^ R, 

• V a; G X - KBa^paxHaa Maxpnpa pasMepnocxH n na^ R, h 

• A - BeKxop-cxojiGen; pasMepnocxH n na^ R. 

AIjih KajK^oro JIA L mbi Gy^eM oGosHanaxb aanncbio dim L paa- 

MepHOCXb 3X0X0 JIA. 

JIA cai onpe^ejiHex aaxoMax Mypa, odoaHanaeMbiH xom ace 

CHMBOJIOM L, 

• MHOJKeCXBaMH BXO^HblX H BblXO^HblX CHXHajIOB KOXOpOXO HB- 
JIHIOXCH X H R COOXBeXCXBOHHO, 

• MHOJKeCXBOM C0CX03HHH KOXOpOXO 5IBJI3eXC3 COBOKynHOCXb R"^ 
Bcex BeKxop-cxpoK pasMepHocxH n na^ R, 

• HaHajiBHbiM cocxoaHHeM - BeKxop-cxpoKa 

• oxo6pa>KeHHe nepexo^a conocxaBjiaex nape (^, a:) G R” x X 
BeKxop-cxpoKy n 

• oxodpaJKenne Bbixo^a conocxaBjinex cocxoannio ^ G R" nncjio 

eAGR. 

Hexpy^no BH^exb, nxo peaKpnn fi ^annoro aBXOMaxa conocxaB- 
jinex KancflOH cxpoxe u G X* nncjio .^°L“A, r^e U E (e^HHHnnan 
Maxpnpa paaMepnocxn n), n ecjin cxpoxa u HMeex bh^ xi.. .Xk, xo 

_ 

Ilycxb / - (jayHKpnn na R^*. Mbi dy^eM naabiBaxB ee jiHHeii- 
HO-aBTOMaxHoii cJ)yHKii,HeH (JIAO), ecjin ^jin neKoxoporo JIA L 
na^ X Bepno paBencxBo f = fi- 
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BepoaTHOCTHbie aBTOMaTbi h 
B epoaTHOCTHbie peaKii,HH 

2.1 BepoHTHOCTHbie aBTOMaxM 

2.1.1 IloHHTHe BepOHTHOCTHOrO aBTOMaxa 
BepoaTHOCTHMH aBTOMaT (BA) - sto naxepKa A BH^a 

A^(X,Y,S,P,(°) (2.1) 


KOMnOHeHTbl KOTOpOH HMeiOT CJieflyiOmHH CMbICJI. 

1. X, V H S - KOHeHHbie MHoacecTBa, sjieMeHXBi KoxopBix nasBiBa- 
loxca cooxBexcxBeHHO exo^hbimh CHrnajiaMH, bbixo^hbimh 
CHrnajiaMH h cocToaHHaMH BA A. 

2. P - C® P : S X X —)■ S xY, nasBiBaeMaa noBefleHHeM 

r 

BA A. V (s, x, s', y) G S X X X S X Y sHaaenHe P(s, x, s', y) 
noHHMaexca kbk BepoaxnocxB xoro, axo 

• ecjiH B xeKyipHH momcrx BpeMenn (t) A naxo^^nxca b co- 

CXOHHHH S, H B 3XOX MOMeHX BpeMCHH Ha 6X0 BXOfl HOCXy- 
HHJI CHXHajI X, 

• xo B cjie^yiomHH momckx BpeMenn (t + 1) A Gy^ex naxo- 

fl;aThCS B COCXOHHHH s', H B MOMeHX BpeMCHH t BBIXO^^HOH 

CHXHaji A paBCH y. 
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3. - pacnpe^ejieHHe na S, Haat-iBaeMoe HaHajibHMM pacnpe- 

flejieHHeM BA A. V s G S' sHaneHne s^° noHHMaexca xax Be- 
p03TH0CTB TOrO, HTO B HaHajIBHBIH MOMeHT BpeMCHH (t = 0) 

BA A HaXO^HTCH b coctohhhh s. 

BA 02. ip Ha3BiBaeTC3 ^^eTepMHHHpoBanHbiM, ecjin 
HeKOToporo s G S', h C® P HBjiaeTca flexepMHHHpoBaHHOH. 


2.1.2 MaTpHi],bi, CBHsaHHbie c BepoaxHOCTHbiMH aB- 

TOMaxaMH 

riycxB A - BA BH^a 02.ip , h ynopaflOHenne MHOJKecxBa S ero cocxo- 
5IHHH HMeex BHfl (si,..., s„). jiioGbix X E X r y ^ Y mbi Gy^eM 
o6o3HaHaxB 3anHCBK) A^'^ Maxpnpy nopa^xa n 


/ P{si,x,si,y) ... P{si,x,Sn,y) 
\ P{Sn,X,Si,y) ... P{Sn,X,Sn,y) 


( 2 . 2 ) 


H flji3 J11060H napBi cxpoK u G X*^v G Y* mbi Gy^eM oGo3HaHaxB 
3 anHCBio A^’’" ( 3 an 5 ixa 5 i b sxoii Baniicii Moacex onycKaxBca) Maxpnpy 
nopa^Ka n, onpe^ejiHeMyio cjie^yiomHM oGpa 30 M: 

• A^'^ = E (e^HHHHHaa Maxpnpa), 

• ecjiH |m| 7^ |f I, xo A^'"^ = 0 (nyjieBaH Maxpiipa), h 

• ecjiH u = Xi... Xk VI V = yi... yk, xo A^’^ = A^^^^ ... 


IlyCXB S - npOH3BOJIBHOe C 0 CX 03 HHe H3 S', H B ynopH7i;OHeHHH 
3jieMeHxoB S ^aHHoe cocxoaHne HMeex HOMep i (x.e. s = Sj). Mbi 
Gy7i;eM Ha3BiBaxB 


• cxpoKy HOMep i MaxpnpBi A^’’" - cxpoKoft s, h oGoBHanaxB ee 
3 anHCBio 

• cxojiGeii; HOMep i MaxpnpBi A^’^ - ctoji 6 li,om s, h oGoBHanaxB 
ero 3 anHCBio A“’'"'*' 
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fl/Ls jiioGbix s, s' G S Mbi Gy^eM oGosHanaTL. aanncbio 3jie- 
MeHT MaTpHn;bi A"’"", Haxo^^amHHCH b cxpoxe s cxojiGpe s'. 

EcJIH CXpOKH U G X* VL V & Y* HMeiOX BHfl Xq . . .Xk H l/Q . . . Uk 
COOXBeXCXBeHHO, XO MOJKHO nOHHMaXB KaK BepOHXHOCXB xoro, 

HXO 


• ecjiH B xeKyipHH momcrx [t) A naxo^nxcH b cocxohhhh s, h, 
HaHHHaH c 3X0X0 MOMOHxa, Ha Bxofl A nocjie^oBaxejiBHo nocxy- 
najiH 3JieMeHXBi cxpoKH u (x.e. b momohx t nocxynHji cHXHaji 
Xq, B MOMCHX t + 1 HOCXyHHJI CHXHajI Xi, H X.^.) 

• XO B MOMeHXBI t,t + 1, . . . ,t + k BBIXO^^HBie CHXHajIBI A paB- 

HBi uq, ... ,yk COOXBeXCXBeHHO, H B MOMeHx t + k + 1 A Gy^ex 

HaXO^HXBCH B COCXOHHHH s'. 

2.1.3 PeaKi],HH BepoaxHOCTHoro aBXOMaxa 

IlycxB sa^aHBi BA A BH^a (12.1 p h pacnpe^ejieHHe ^ G S^. 

Mbi Gy^eM roBopnxB, hxo BA A b MOMeHx BpeMeHH t HMeex 
pacnpe^^ejieHHe ecjiH ^jih Kaxc^oro cocxohhhh s G S' Bepoax- 
HOCXB xoro, HXO A B MOMeHX BpeMeHH t HaXO^HXCH B COCXOHHHH S, 
paBHa s^. 

PeaKii,Heft BA A b pacnpe^ejieHHH ^ nasBiBaexcH cJiyHKpHH 

: X* X y* ^ R 

onpe^ejiHeMaH cjie^yiomHM oGpaaoM: 

VmgX*, VxGr* A^{u,v) = ^A''’'’I 

F^e aanncB I oGoananaex BeKxop-cxojiGen; nopa^Ka |S|, Bce komho- 
HeHXBi Koxoporo paBHBi 1. 

PeaKii,Heft BA A mbi Gy^eM nasBiBaxB peaxpHio 3xoro BA b ero 
HanajiBHOM pacnpe^ejieHHH. Mbi Gy^eM oGosnanaxB peaxpHio BA A 
aaHHCBio Ja. Hexpy^no ^OKaaaxB, hxo ecjiH BA A ^exepMHHHpoBan- 

HBIH, XO CO Ja^ ^exepMHHHpoBaHHaH. 

EcJIH CXpOKH U G X* H X G y* HMeiOX BHfl Xq . . . Xk Ti Vo . . .yk CO¬ 
OXBeXCXBeHHO, XO fA{u,v) MOJKHO HOHHMaXB KHK BepOHXHOCXB XOXO, 
HXO ecjiH, HaHHHaH c MOMeHxa 0, na bxo^ A nocjie^oBaxejiBHo no- 
cxynajiH ojieMenxBi cxpoKH u (x.e. b mombhx 0 nocxynHji CHXHaji Xq, 
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B MOMeHT 1 nocTynnji cnmaji Xi, h to b momchtbi 0, 1, ... , fc 

BBixo;];HBie cHTHajiBi A paBHBi Ho,... ,yk cooTBexcTBenHo. 

TeopeMa 1. Ecjih a - BA BH^a fl2.ip h ^ G S^, to A^ - C®. 

^OKasaTejifcCTBO. 

IIocKOJiBKy Vm G X*,\/v G X* sHaHeHHe A^{u,v) HeoTpnpa- 
xejiBHo, TO fljiH flOKaaaTejiBCTBa xeopeMBi ^ocTaxoHHo ^OKasaxB, hto 
V w G X* X) A^{u,v) = 1, T.e. 

veY* 

Vm G X* ^ = 1. (2.3) 

v&Y* 

IlocKOJiBKy A^'’" = 0 npH |m| ^ |w|, to fl2.3p oKBHBajieHxno ycjio- 
BHio: V A; > 0 

'iueX’^ Y, = 1- (2.4) 

^gyfe 

/I,OKa>KeM 02.4p BHnyK Tm eM no k. Ecjih /c = 0, to 02.4p cjie^yex 
H3 TOrO, HTO A^’^ = E n ^EI = = 1 (t.k. ^ G S^). 

IlycTB 02.41) Bcpno ^Jia neKoxoporo k. /I,OKa>KeM, nxo 

Vm G ^ = 1. (2.5) 

j^gyfc+l 

02.5p oKBHBajieHTHo cooTHomennio 

Vm G X^ Vx G X ^ (2.6) 

yGY 

t.k. = A^’^A^y, TO 02. 6 p MOJKHO nepenncaxB b bh^c 

VMGX^VxGX Y = 1. (2.7) 

veYk y&Y 

(1^ cjie^yex h3 02.41) n paBencxBa 

^ A^yi = I (2.8) 

y&Y 

KOTopoe Bepno noxoMy, nxo ecjin A^y nMeex bh^ 02.2p . to Vz G 
{1,..., n} ojieMenx c hh^ckcom i cxojiGpa A^yj paBen cyMMe 

yeY 

Y P{si,XAj,y) 

y&Y, j=l,...,n 
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KOTopaa paBHa 1, t.k. P - CO BH^a P : S x X —)■ S'xF. ■ 

r 

Pacnpe^ejieHHH ^ 1,^2 G nasBiBaioTca 3KBHBajieHTHbiMH ot- 
HOCHTejiBHO A, ecjiH peaKpHH n A^'^ coBna^aioT, x.e. 

Vm e X*, G F* = ^2^“’’'/. 

EcJIH paCnpe^ejieHHH ^1 H ^2 3KBHBajieHTHBI OTHOCHXejIBHO A, XO MBI 
Gy^eM o6o3HaHaxB 3xox 4)aKx aanncBio ~ ^ 2 - 

2.1.4 BaSHCHbie MaTpHI],I>I BepOHTHOCTHbIX aBTO- 
MaTOB 

HHJKe MBI Gy^eM HcnojiBsoBaxB cjie^yiomee oGoanaHeHne: ^jia Kaac- 
floro MHOJKecxBa W 3JieMeHxoB KaKoro-jinGo jiHHeiiHoro npocxpan- 
cxBa MBI Gy^eM oGosHanaxB aanncBio (W) noflnpocxpancxBo 3xoro 
jiHHeHHoro npocxpancxBa, nopojK^enHoe BexxopaMH h3 W. 

IlycxB A - BA BH^a fl2.ip . OGo3HaHHM BanncBio AI coBOKynnocxB 
Bcex BeKxop-cxojiGpoB BH^a A'^’^I, r^e u G X*,v G Y* . 

BasHCHOH MaxpHaeft BA A naBBiBaexcH Maxpnpa, oGoBnanae- 
MaH 3anHCBio [A], h y^oBjiexBopHiomaH ycjiOBHJiM: 

• KajK^Biii cxojiGeii; MaxpiipBi [A] HBjuiexca 3JieMeHxoM AJ, 

• cxojiGpBi MaxpnpBi [A] oGpa3yiox Ga3HC npocxpancxBa {AI). 
Hexpy^HO bh^bxb, hxo fljia jiioGbix ^ 1,^2 ^ 

6 ~ 6 6 [^] = 6 [^]- 

J\jis KajK^oro s G S' mbi Gy^eM Ha3BiBaxB cxpoKoft s Maxpii- 
pBi [A] xy ee cxpoxy, Koxopaa co^epxcHx 3HaHeHHH BH^a A^’""!. Mbi 
G y^eM oGo3HaHaxB 3xy cxpoxy BaniicBio [A] 

Maxpnpa [A] m.G. nocxpoena npn noMoipH H3JiaraeMoro HHJKe 
ajiropHXMa. 

riycxB k > 0. OGo3HaHHM 3anHCBio AI^ coBOKynnocxB Bexxop- 
cxojiGpoB BH^a A“’’^/, r^e u G X*, v G Y*, !«! = |u| < k. Hexpy^no 

BH^eXB, HXO 

(A/o) C {Ah) C (A/ 2 ) C ... H U {Ah) = {AI). (2.9) 

fc >0 


19 


IlocKOJibKy Bce npocxpancTBa {AI^) aBjiaioTCH no^^npocTpancTBaMH 
KOHeHHOMepHoro jiHHeflHoro npocxpancTBa (pasMepnocxH \S\), xo, 
cjie^oBaxejiBHo, nocjie^oBaxejiBHocxB BKjiioHeHHH b fl2.9p ne Moacex 
HeorpaHHHeHHo BoapacxaxB, x.e. neKoxoporo k BepHBi paBencxBa 

(Ah) = (Ah+i) = (A 4 + 2 ) = ... = (AI). (2.10) 

AjiropHXM nocxpoeHHH Maxpnpbi [A] ocHOBan na cjie^yiomeH xeo- 
peMe. 

TeopeMa 2. Ecjih neKoxoporo k Bepno paBencxBo 

{Ah+i) = {Ah) (2.11) 

xo k oGjia^aex cbohcxbom fl2.10p . 

^OKasaxejibCTBO. 

^ocxaxoHHo flOKaaaxB paBencxBo 

{Ah+ 2 ) = {Ah). (2.12) 

riycxB V G Ah +2 \ Ah+i, xor^a V HMeex bh^ r^e 

X ^ X,y ^ Y -a \u\ = \v\ = k + 1. IlocKOJiBKy G Ah+i Y {Ah), 

xo, cjie^oBaxejiBHo, HBjiHexca jiHHeflHoil KOMOnHapHefi Bnpa 

m 

= = hER,ViEAh). 

i=l 

CjiepoBaxejiBHo, 

mm m 

V = =J2hiA^yVi) = (2-13) 

i=l i=l i=l 

rpe Wi E Ah+i ^ {Ah), oxxypa na ocnoBaHHH fl2.13p saKjiioHaeM, 
Hxo V HBjiaexca jiHHeiiHOH KOMOnHapneH ojieMenxoB {Ah), nooxoMy 
V G {Ah). TaKHM oOpaaoM, Ah +2 ^ {Ah), oxxypa cjiepyex fl2.12p . 


Hs xeopeMBi [2] nenocpepcxBeHHo cjiepyex, hxo ecjin k - naHMenB- 
niHH HOMep, pjiH Koxoporo Bepno fl2.1ip . xo /c < [S'! — 1. 
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Hcnojibsya xeopeMy [21 mojkho onpe^ejiHXL. cjie^yiomHH ajiro- 
pHXM nocxpoeHHH MaxpHpbi [A], Mbi Gy^eM oGosHanaxb aanncbio CA 
nepeMennyio, sHaHeHHHMH Koxopoii HBjiaioxca MHOJKecxBa BeKxop- 
cxojiGpoB nopa^Ka [S'!- AjiropnxM cocxohx h 3 nepeHHCJienHbix HHJKe 
xpex maroB. Illar 2 Moxcex Bbinojinaxbca necKOJiBKO pas. 

1. SnaHeHHe CA nojiaraexcH paBHbiM {/} (= AIq). 

2. Ilycxb Vi,... - cnncoK Bcex cxojiGpoB BH^a A^^V, r^e x G 

X,y eY r V E CA. BbinojiHHexcH phkji: 

for i=l to m do { 

if Vi ^ (CA) then Vi ^oGaBjiHexca k CA 

} 

3. Ecjih bo BpeM3 BbinojiHeHHa mara 2 MHOJKecxBo CA HSMenH- 
jiocb, xo mar 2 BbinojiHaexcH eipe pas, Hnane ajiropnxM saxaH- 
HHBaex paGoxy. 

OGocHyeM KoppeKxnocxb ^anHoro ajiropnxMa. Hexpy^no BH^exb, 
Hxo ecjiH nepefl BbinojiHeHneM mara 2 Gbijio Bepno paBencxBo {CA) = 
{Aik) HeKoxoporo k > 0, xo nocjie BbinojiHeHna oxoro mara 
Gy^ex Bepno paBencxBo {CA) = {Alk+i). Cjie^oBaxejibHo, nepea 
He Gojiee neM [S'! — 1 BbinojiHeHHH mara 2 Gy^ex Bepno paBencxBo 
{CA) = {AI), H mar 2 BbmojinnxcH ne Gojiee \S\ pas. IIocKOJibKy 
KajK^biH ^oGaBjmeMbiH kC A Bexxop Vi ne npnnafljiejKnx npocxpan- 
cxBy {CA), xo, cjie^oBaxejibHo, b Kanc^bin momohx BpeMenn CA co¬ 
cxohx H3 jinnenno neaaBHCHMbix nexxopoB, x.e. nocjie aanepmeHnn 
paGoxbi ajiropnxMa CA HBjmexca GaancoM npocxpancxna {AI). ■ 

2.1.5 MaxpHHHbie oGosHaHenna 

Mbi Gy^eM ncnojibaoBaxb cjic^yrorpne oGoananennH, cBnaannbie c 
MaxpnpaMH. 

• Ecjih h ^2 ^ Bexxop-cxpoKH paaMepnocxen rii h n 2 cooxbcx- 
cxBCHHo, xo aaHHCb (^ 1 , ^ 2 ) oGoananaex Bexxop-cxpoxy paaMep- 
HOCXH 77-1 -|-77-2, HCpBbie 77i KOMHOHCHXOB KOXOpOH COBHa^aiOX C 
COOXBeXCXBIOmHMH KOMHOHCHXaMH ,^i, a OCXajIbHbie KOMHOHCH- 
Xbl - C COOXBeXCXByiOmHMH KOMHOHCHXaMH ^2- 
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o6o3HaHaeT BeKTop-CTOJiGen; 


Ecjih Ai h A2 - BeKTop-CTOJiGpbi pasMepHocTefi rii h n2 co- 

( ' 

OTBeXCTBeHHO, TO SaHHCB , 

V "^2 ^ 

pasMepHOCTH ni + ^ 2 , nepBBie ni KOMnonenTOB Koxoporo cob- 
na^aiox c cooxBexcxByiomHMH KOMnoHeHxaMH Ai, a ocxajiBHBie 
KOMnOHeHXBI - C COOXBeXCXByiOmHMH KOMnOHeHXaMH A 2 . 

Ecjih Am B - MaxpHpBi pasMepHocxeH {m,n) h {k,l) cootbcx- 

f A 0 ' 


CTBCHHO, XO SanHCB 


0 B 


o6o3HaHaeT Maxpnpy pa3Mep- 


HocxH [m + k,n + 1), onpe^ejiHeMyio ecxecxBeHHBiM o6pa30M. 

AI,ji5i KajK^oH MaxpHpBi A 3anHCB A (hjih A"") o6o3HaHaex Max- 
pnpy, xpaHcnoHHpoBaHHyio k Maxpnpe A. 


2.1.6 3KBHBaJieHTHOCTb BepOHTHOCTHbIX BBTOMa- 
TOB 

IlycxB 3aflaHa napa BA Ai,A 2 , y KoxopBix o;];HHaKOBBi MHOHcecxBa 
bxo;];hbix cHXHajioB h MHOJKecxBa bbixo;];hbix cHrnajioB, x.e. Ai h A 2 
HMeiOX BHfl 

= (^ = 1,2). 

Ai H A 2 Ha3BIBaiOTC5I 3KBHBajieHTHbIMH, 
na^aiox, x.e. Bcpno paBCHCTBo 

fAi = fA2- 

Hexpy^Ho flOKa3axB, hxo paBencxBo fl2.14p 
meHHK) .^1 ~ ^ 2 , A HMeex bh^ (X, Y, Si U 

/ A^y 

WxeX, yeY A^y = I ^ 

ei = (e?,0), 6 = (0,^2°) 

(cHMBOJIBI 0 B fl2.15p H3o6pa>KaiOX HyjieBBie MaxpHpBI hjih BCKXOp- 
CXpOKH COOXBeXCXByiOmHX pa3MepOB). 

Ecjih BA Ai h A 2 OKBHBajienxHBi, xo mbi Gy^cM o6o3HaHaxB oxox 
(JiaKx 3anHCBio Ai ~ A 2 . 


ecjiH Hx peaKpHH cob- 

(2,14) 

paBHOCHJIBHO COOXHO- 

52 ,P,a,H 

0 ^ 

^2^ ) ’ (2.15) 
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2.2 Pe^yKij;H5i BepoaxHOCTHbix aBTOMaxoB 

PeflyKii,Ha BA saKjiioHaeTca b nocxpoeHHH no aa^annoMy BA A 
TaKoro BA, Koxopbin Gbiji Gbi oKBHBajienxen A, n co^epncaji MenBme 
cocxoHHHH, neM A (ecjiH oxo bosmojkho). Mbi Gy^eM paccMaxpnBaxB 
^Ba Mexo^a pe^ynpHn: BBi^enenne ^ocxhjkhmoh nacxn n y^ajienne 
BBinyKjiBix KOMGnHapnn. 

2.2.1 Bbi^ejiGHHe ^octh:»chmoh nacTH 

IlycxB A - BA BH^a fl2.ip . HonaxHe /i,ocTH:a<;HMoro cocToaHHa BA 
A onpe^ejinexcn peKypcnano: cocxonnne s G S' ^ocxhjkhmo, ecjin 

• jihGo 7^ 0, 

• jihGo cymecxByex 7 i;ocxH>KHMoe cocxonnne s' G S', xaKoe, nxo 

3xeX,yeV: P(s',x,s,y) > 0. (2.16) 

Hexpy 7 i;Ho ^OKaaaxB, nxo A 

• Sr COCXOHX H3 BCOX 7i;OCXH>KHMBIX C0CX05IHHH BA A, H 

• Pr II ^r 5 IBJI 3 IOXC 3 COOXBeXCXByiOmHMH OrpaHHneHH 5 IMH P H 

BA Ar naaBiBaexcn 7 ],ocTH:a<;HMOH nacTbio BA A. AjiropnxM 
nocxpoeHHH no aa^annoMy BA ero 7 i;ocxh>khmoh nacxH ananornnen 
cooxBexcxBylonieMy ajiropnxMy 7 i,ji 5 i 7 i;exepMHHHpoBaHHBix anxoMa- 
xoB (cm. Konen, nvHKxa ri.3.3p . 

2.2.2 y^ajiGHHe BbinyKjibix KOM6HHai],HH 

IlycxB A - BA BH 7 i;a (X,V, S, P,^^). Mbi Gy^eM roBopnxB, nxo co- 
cxoHHHe s G S HBjiHexcH BbinyKJioii KOM 6 HHaLi,Heft 7 i;pyrHX co- 
cxoHHHH BA A, ecjiH cxpoKa s MaxpnpBi [A] HBjiaexcH BBinyKjion 
KOMGnnapneH 7i;pyrHX cxpoK axon MaxpnpBi, x.e. cyipecxByex pac- 
npe 7 i;ejieHHe ^ G (S'\{s})^, y7i,OBjiexBop5noin;ee ycjiOBHio 

[.4].= E (2.17) 

s'GS\{s} 
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EcJIH B MHOJKeCTBe S COCTOHHHH BA A eCTB COCTOHHHe S, aBJia- 
lomeecH BBinyKjioH KOM6HHan,HeH ^pyrnx cocto3hhh 3Toro BA, to 
MOJKHO onpe^ejiHTB BA B, KoxopBifi oKBHBajieHxeH A, h mhojkoctbo 
COCXOHHHH Koxoporo HMCeX BH^ S \ {s}. MbI 6yfleM rOBOpHXB, HXO 
B nojiyHaexca h3 A nyxeM y^ajieHHH BBinyKjioii KOMGnHapHH s. 

Abtombx B onpe^ejiHexcH cjie^yiomHM o6pa30M. IlycxB ynopa- 
flOHenne MHOJKecxBa S HMeex bh^ (si,..., s„), h BBiinenoManyToe co- 
cxo3HHe s HBjiaexcH nocjie^HHM b oxom ynopa^OHennH (x.e. s = s„). 
06o3HaHHM CHMBOJIOM M MaxpHpy 


/1 

0 . 

.. 0 

0 ^ 

0 

0 . 

1 

0 

V 

*2 • 

• *n-l 

0; 


H o6o3HaHHM CHMBOJIOM C BA (X, Y, S, Q, ^^M), r^e 

WxeX, yeY = A^^M. (2.18) 

/I,OKa>KeM, Hxo Vm G X*,v G Y* Bepno paBencxBo 

cu,vj ^ ^u,vj^ ^2.19) 

02.191) BepHO, Kor^a u n v hmciox pa3Hyio ^Jinny. JXjis u n v o^nna- 
KOBOH ;];JIHHBI Gy^CM flOKa3BIBaXB fl2.19p HHXyK TT HeH no flJIHHe u. 

1. 02.19P BcpHo, Kor^a u = v = e. 

2. riycTB 02.19P BepHO ^jih neKoxopBix u,v. Tor^a \/x G X,y E Y 

fjxu,yvj ^ (jxyfju,vj ^ MA^'^I ( 2 . 20 ) 

(Bxopoe paBeHcxBo b O2.20p cjie^yex h3 02.18P h fl2.19p B 

/I,OKa>KeM, HTO BepHO paBeHCTBO 

MA^’^’I = A'^’^I. ( 2 . 21 ) 

H 3 02.17P cjie^yex. hto 

(4 ... 4_, 0)|A1 = [yl].. = (0 ... 0 1)1.4] 
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OTKy^a cjie^yeT 



( 1 

0 . 

.. 0 

0\ 

M[A] = 

0 

0 . 

.. 1 

0 


V 0 

0 . 

.. 0 

1 / 


[^] 


[^] 


( 2 . 22 ) 


Ha fl2.22p cjie^yeT, hto ^jih KajK^oro CTOJi6ii,a V, MaxpHi^bi [H] 
BepHo paBencTBo 

MV = V. (2.23) 

HocKojiBKy cTOJiGpBi [H] o6pa3yioT 6a3Hc (AI), to, cjie^oBa- 
xejiBHo, fl2.23p BepHo b xom cjiynae, Kor^a V aBjiaexcH npo- 
H3BOJIBHBIM 3JieMeHXOM (AI). B HaCXHOCXH, 02.23^ BepHO flJI3 
Bcex BeKxopoB H3 AI. TaKHM oGpaaoM, paBenoxBo fl2.2ip ^o- 
KaaaHo. 

Ha fr2.2ip H H3 fl2.20p cjie^yex, hxo 


fjxu,yvj ^ (2.24) 

TaKHM o6pa30M, ecjiH fl2.19p Bepno, xo 6yflex Bepno paBeHcxBo, 
nojiynaeMoe h 3 fl2.19p aaMenofi u na xu, a v - na yv. 

Cjie^oBaxejiBHo, fl2.19p Bepno ^jih Bcex u & X* , v ^ Y*. 

/I,OKa>KeM, Hxo BA A h C oKBHBajieHXHBi, x.e. Ja = fc- A^-HHoe 

paBeHCXBO paBHOCHJIBHO yXBepJK^eHHK) 

Vm e X*, Wv e Y* (2.25) 

fl2.25p cjie^yex h 3 fl2.19p h h 3 fl2.2ip . 

SaMeXHM, HXO COCXOHHHe Sn BA C He HBJIHeXCH flOCXHJKHMBIM. 
/leHCXBHXejIBHO, X.K. HOCJie^HHH CXOJlGeH, MaxpnpBI M HBJIHeXCH Hy- 
JieBBIM, xo 

• 3HaHeHHe Koxopoe HBjiHexcH Hocjie^HHM ajieMenxoM bok- 

XOp-CXpOKH paBHO 0, H 

• fljiH KajK^oro X G X H Kaxc^oro y ^ Y nocjie^HHH cxojiGen; 
MaxpnpBi = A^^M HBjiHexcH nyjieBBiM, nosxoMy nepaBen- 
cxBo fl2.16p . B KoxopoM P 3aMeHeHo Ha Q, H s - Ha s„, neBepno 

KaJK^oro s' E S. 
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Hckommh BA B onpe^ejiaeTCH kek BA, nojiynaeMbiH h3 BA 

C y^ajieHHeM He^OCXHJKHMOrO C0CT05IHH3 H COOTBeXCTByiOmHM 

orpaHHHeHHeM noBe^enHii h HanajiBHoro pacnpe^ejieHHH BA C. Ha 
yxBepjK^eHHa b nvHKxe [ 2 . 2.11 c.nejvex. hxo C ^ B. HocKOJiBKy cboh- 
CXBO 3KBHBajieHXHOCXH BA aBJiaeXCJI XpaHSnXHBHBIM, XO H3 A ~ C* 
H C ~ -B cjie^yex, hxo A ~ 5. ■ 

2.2.3 Mexo^ pacnosHaBaHHH BbinyKJibix kom6h- 

HapHH COCTOHHHH 

peajiH3an,HH najiojKeHHoro b npe^Bi^yipeM nyHKxe Mexo^a pe- 
^yKpHH BA nyxeM yflajieHHH BbinyKjiBix KOMCHHapnii cocxohhhh 
Heo6xopHMo HMexB ajiropHXM pemennH cjiepyioipeH aapanH: nycxB 
aapan BA A, h s - opno h3 cocxohhhh axoro BA, xpeGyexca 

• onpepejiHXb, HBjiJiexca jih cocxoHHHe s BBinyKjiofi KOM6HHa- 
pnefi ppyxHx cocxojihhh BA A, x.e. HBjiHexcH jih cxpoxa [A]^ 
BBinyKjioH KOMGHHapHeii ppyrnx cxpoK MaxpnpBi [A], h 

• ecjiH oxBex na 3xox Bonpoc nojiojKHxejien, xo HaiixH ko3(|)(|)h- 
pneHXBI 3XOH BBinyKJIOii KOM6HHapHH. 

AaHHyio aapany mojkho cbbcxh k aapane jiKHeiiHoro nporpaMMH- 
poBaHHH (BAH), Ha ocHOBe HHJKecjiepyioipeH xeopeMBi. 

TeopeMa 3. 

Hycxb aapan BA A, h s - opno h3 cocxohhhh 3xoro BA. 06o- 
3HaHHM aanncbio {Wi,..., Wm} coBOKynHocxb cxpoK MaxpnpBi [A], 
3a HCKJHOneHHeM cxpoKH [A] 5. 

Torpa cjiepyioipHe yxBepxcpeHHH 3KBHBajieHXHbi. 

1. [A]s HBJIHeXCH BBinyKJIOH KOMGHHapneH CXpOK {Wi, . . . , Wm}, 

x.e. 

m 

3 (Cl,..., e™) e {1, • • •, : [^]. = E (2-26) 

i=l 


2. CyipecxByex pemeHne BAH, b Koxopofi 
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• MHOJKecTBo nepeMeHHbix HMeex bh^ 


{xi, ..., Xjji^ yi, ..., yn} 

r^e n - hhcjio cocto3hhh BA A, 

• orpaHHHeHHH b cJiopMe nepaBencTB HMeioT bh^ a:, > 0 h 
Vj > 0, r^e i e {1,..., m}, j G {1,..., n}, 

• orpaHHHeHHa b (JiopMe paBencTB BBipaxcaioTCH b bh^b mbt- 

pHHHoro paBencTBa {X, ^ ^ ^ = [^]s) r^e 

— X n Y - BeKTop-cxpoKH nepeMenHBix: 

X = {xi,...,Xm): Y = {yi,...,yn). 

— W - Maxpnpa, nojiynaeMaH h 3 [A] nyxeM y^ajieHHH 

CXpOKH [A]s, 

— En - e^HHHHHaH MaxpHpa nopa^Ka n, 

m n 

a xaKJKe paBencxBa Y, Xi+ Y Hi = 

i=l i=l 

n 

• pejieBaH cJiyHKpHH HMeex bh^ Y Vi ^ min, 

i=l 

H sHaneHHe pejieBofl cJiyHKpHH na 3xom pemeHHH paBHo 0. 

^OKasaxejifcCTBO. 

riycxB BepHo yxBepjK^eHHe 1. Tor^a pemenne 3AH HMeex bh^ 

X\ 1^1, • • • ) X^n Cm; Vl 0 ) • • • ) Un O' 

OOpaxHo, nycxB Bepno yxBepxc^eHHe 2, x.e. cymecxByex peme- 
HHe 3AH, sHaneHHe pejieBOH (JiyHKpHH na KoxopoM paBHo 0. Tor^a 
H3 orpaHHHeHHH yj > 0 (j = 1,..., n) cjie^yex, hxo 3HaHeHHH ne- 
peMeHHBix i/i, ..., Ha sxom pemeHHH paBHw 0. Hexpy^no BH^exB, 
HXO COBOKyHHOCXB (^i, . . . , 3HaHeHHH HepeMeHHBIX Xi, . . . , Xm Ha 
9XOM pemeHHH y^oBjiexBopaex ycjioBHHM b cooxHomeHHH fl2.26p . ■ 

OxMeXHM, HXO O^HO H3 OHOpHBIX pemeHHH 3An, C(|)OpMyjIHpO- 

BaHHOH B xeopeMe[21 HMeex bh^ X = 0, Y = [Aj^. 
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2.3 BepoHTHOCTHbie peaKij;HH 

2.3.1 IloHaTHe BepoaxHOCTHOH peaKpHH 

IlycTb X H V - KOHeHHbie MHoacecTBa. 

BepoaTHOCTHoii peaKii,Heft (BP) h 3 X b P HasBiBaexca C® 
/ : X* —>■ V*, yflOBjieTBopHiomaH ycjiOBHio: Vu G X*,Vv G Y* 

ecjiH 1^1 7^ |u|,TO f{u,v) = 0 
MX E X f{u,v)= f{ux,vy). (2.27) 

y& 

SanncB i?(X, Y) oGosHanaeT coBOKynnocTB Bcex BP h 3 X b X. 

TeopeMa 4. 

/(jiH Ka>K7i;oro BA A = (X, X, S', P, ^°) h Ka>K7i;oro ^ G 

G P(X,X). 


^OKasaTejifcCTBO. 

/(oKaJKBM, HTO Vm G X*,Vu G X* C® / y7i,OBjieTBop5ieT 

yCJIOBHIO dOB. 

• Ecjih 1^1 7 ^ |u|, TO A^’^ = 0, nosTOMy A^{u,v) = = 0, 

• Vx G X 


Y. A^{ux,vy) = Y = 

y&y y&y 

= Y iA^'^A^yi = Y = (2.28) 

yey y& 


(b fl2.28p HcnojiB3yeTC5i paBencTBo fl2.8p P ■ 

2.3.2 OcTaxoHHbie BepoHXHOcxHbie peaKpHH 

IlycTB 3 aflaHBi 

• KoneHHBie MHoxcecTBa X h X, 

• BP / G P(X,X), H 
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CTpoKH u G X*,v G Y*, TaKHe, hto f{u,v) 7^ 0. 


06o3HaHHM aanncbio fu,v 4)yHKii,Hio BH7i;a fu,v ■ X* x F* —R, 
onpe^ejiaeMyio cjie^yroipHM oGpaaoM: 


Vm' G X*,yY G F* 


fu,V ^ ) 


def f{uu',Vv') 

f{u,v) 


(2.29) 


TeopeMa 5. 

Ecjih / G R{X,Y) H f{u,v) 7^ 0, TO (l^yHKpHH fu,v, onpe^ejiae- 
MaH cooTHomeHHeM fl2.29p . aBjiaeTca CO. 


^OKasaTejibCTBO. 

IloCKOJIBKy BCe 3HaHeHH5I (JiyHKpHH fu^v HeOTpHpaxejIBHBI, TO flO- 
CTaTOHHO flOKa3aTB, HTO 

yu'ex* = (2.30) 

v'gY* 

fr2.3Up OKBHBajieHTHO COOTHOmeHHK) 

Mu'eX* ^ f{uu',vv') = f{u,v). (2.31) 

v'eY* 

H3 npe^nojiojKeHHa f{u,v) 7^ 0 cjie^yeT, hto |m| = l^l. IlooTOMy 
f{uu',vv') = 0 npH \u'\ 7^ |v'|, H, cjie^oBaTejiBHo, fl2.3ip oKBHBajienT- 
Ho ycjiOBHio: M k > 0 

Vm'gX^ ^ f{uu',vv') = f{u,v). (2.32) 

^/gyfc 

/I,OKa>KeM fl2.32p HH7i;yKii,HeH no k. Ecjih fc = 0, to fl2.32p . one- 
bh 7 i;ho, Bepno. IlycTB fl2.32p Bepno ^jih ncKOToporo k. ^OKaJKCM, hto 

Mu'eX’^~^^ ^ f{uu',vv')=f{u,v). (2.33) 

fl2.33p OKBHBajieHTHO yTBep>K7i;eHHio: Vm'gX^, VxGX 

f{uu'x,vv'y) = f{u,v). (2.34) 

y^y 
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IlocKOJibKy Vx G X, Vm' G X^, Vu' G 


f{uu',vv') = ^ f{uu'x,vv'y) 

y& 

TO fl2.34p MOJKHO nepenncaxL. cjie^yiomHM oGpaaoM: 

E f{uu'x,vv'y)= E {T. f{uu'x,vv'y)) = 

v’&*=, yeY v'&Y>= y& 

= E fiuu'.vv') = f{u,v). 

v'€Y*= 


(2.35) 


IlocjieflHee paBencTBo b fl2.35p coBna^aeT c paBencTBOM b f|2.32p . h 

OHO BepHO no HH^yKXHBHOMy npe^nojioJKeHHK). ■ 


TeopeMa 6. 

Ecjih / G i?(X, Y) H f{u, v) ^ 0, xo G i?(X, X). 

/^OKasaxejifcCTBO. 

Tpe 6 yexcH ^OKaaaxB, nxo \/u' E X*,\/v' G Y* 
ecjiH \u'\ 7 ^ |f'|,xo fu,v{u',v') = 0 

VxgX fu,viu',v') = Y. 

y& 

Ha ycjioBHH f{u,v) ^ 0 cjie^yex, nxo |m| = |f|, nooxoMy, corjiacHo 
onpe^ejieHHK) cJ^yHKpHH fuv, mojkho nepenncaxH fl2.36p cjie^yion^HM 
o6pa30M: 

ecjiH \uu'\ 7 ^ |w'|,xo f{uu',vv') = 0 

VxgX f{uu',vv')= E f{uu'x,vv'y). (2.37) 

y& 

HepBoe yxBep>K 7 i,eHHe b fl2.37p Bepno noxoMy, nxo / - BP, a 
Bxopoe yxBepjK^eHHe cjie^yex h 3 7i;oKa3aHHoro BBime cooxHomeHHH 
fl2.32p (b 7 i;aHHOM cjiynae k = 1).M 

TeopeMa 7. 

Ecjih / G R{X,Y), f{u,v) 7 ^ 0 h f{uu',vv') 7 ^ 0, xo 

fuu',vv' (/n,u)u',i;'• 


/](oKa3aTejifcCTBO. 

Vm" G X*,Vu" G Y 
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(b) 


fuu',vv'i^^ 5^ ) 
(^fu,v')u',V'i^U yV ) 


f{uu'u'',vv'v") 

f(uu',vv') 

_ f-u.,v{u'u" ,v'v") 
~ fu,v{u’,v') 


f(uu'u",vv'v”)/f{u,v) 

f{uu',vv')/f{u,v) 


Hexpy^Ho BH^exL., hxo npaBbie nacxH b (a) h (b) coBna^aiox. ■ 


EcJIH / G R{x, Y) R U,V - CXpOKH H 3 X* H Y* COOXBeXCXBeHHO, 
xaKHe, Hxo f{u,v) 7 ^ 0, xo fu,v nasBiBaexca ocTaxoHHoft BP f. 
Mbi by^eM oboaHanaxB aanncBio Sf coBOKynnocxB Bcex ocxaxoHHBix 
BP f. OxMexHM, Hxo / G Sf, x.K. f{e,e) = 1, nosxoMy = f ■ 
06o3HaHHM 3 anHCBK) Af naxepKy (X, Y, Sf, Pf, ^f), r 7 i;e Pf - C® 
BH7i,a 

Pf.SfXX ^ SfXY, 

onpe^ejiHeMaa cjie^yiomHM o6pa30M: 

Vg,g'eSf,yxeX,VyeY 

PAs,^,3',v) = il‘-'^'^'’' = ( 2 . 38 ) 

^ I HHane. 

TeopeMa 8. 

Ecjih / G P{X, Y) H \Sf \ < 00, TO Af - BA, h fA^ = f ■ 

^OKasaxejibCTBO. 

H3 onpe^ejieHHH CO P/ cjie^yex, hxo ffjis jiioGbix g E Sf, x E X , 
y eY, xaKHx, hxo g{x,y) 7 ^ 0, Bepno paBencxBo 

^gAY = g{x,y)^g^y. (2.39) 

(nanoMHHM, hxo ^g - pacnpe^ejienHe, xaKoe, hxo \/h E Sf = 1, 
ecjiH h = g, n = 0 , ecjiH h ^ g). 

/I,OKa>KeM, Hxo Vm G X*, Wv eY* : f{u,v) 7 ^ 0 

^fAY = f{u,v)if^^^. (2.40) 

/I,OKa3axejibcxBO by^eM bbcxh BHayK Ti MeM no ^Jinne u. 

Ecjih |m| = 0, x.e. u = v = e, to obe nacxn fl2.40p paanw ^f. 
Hnane u n v hmciox bh^i, u'x h v'y cooxBexcxBenno, npnneM 
f{u',v') 7 ^ 0, (x.K. ecjiH f{u',v') = 0 = E f {u'x, v'y'), xo f{u,v) = 

y'EY 
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f{u'x,v'y) = 0), H, no nn^yKTHEHOMy npeflnojioJKennio, Bepno pa- 
BencTBo 



(2.41) 


HcnojiBsyn fl 2 . 39 p , fl 2 . 4 ip n xeopeMy [TJ nojiynaeM penonny paaencTB 



( 2 . 42 ) 


TaKHM o6pa30M, pjin jiioGbix u G X*, v G Y*, xaKHX, nxo f{u, v) ^ 0, 
Bepno paBencxBo (12.40^ . h 3 Koxoporo cjiepyex penonxa panencxB 

(m, v ) = if AY I = 

= f{u,v)if^J = f{u,v) ■ 1 = f{u,v). 
CjiepoBaxejiBno, b cjiynae f{u,v) ^ 0 Bepno panencxBo 


!Ai{u,vY= A^j [u,v) = f[u,v). 


( 2 . 43 ) 


/loKanceM, nxo fl2.43p Bepno n b cjiynae f{u,v) = 0. 

• Ecjin |m| 7 ^ |w|, xo jieBan nacxB fl2.43p paBna 0 no onpepejiennio 
Maxpnn, Bnpa 

• IlycxB |m| = |n| > 0, H M H n hmoiox bhp Xi .. .Xn H yi.. .l/n 
cooxBexcxBenno. CymecxByiox noMep fc G {1,... , n} n cxpoKH 
u',v', xanne, nxo 


t! = iiAi 'r 1) = '?/'?/. 'll 



( 2 . 44 ) 


HMeeM penonxy paBencxB 



(2.45) 
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CxpoKa aBjiaexcH HyjieBOH, nocKOJiBKy ee sjieMen- 

XBI HMeiOX BHfl 

Pf{9,Xk,g',yk) (2.46) 

r^e g = fu'y, h, corjiacno onpe^ejieHHio fl2.38p CO Pf, 3Jie- 
MBHX fl2.46p oxjiHHen ox 0 ecjiH h xojibko ecjiH fu'y {xk, Uk) 7 ^ 0, 
x.e. f{u'xk,v'yk) 7 ^ 0. YHHXBiBaa fl2.44p . nojiynaeM, hxo Bce 
sjieMenxBi fl2.46p paBHBi 0, x.e. HBjiaexca nyjieBOH 

cxpoKoii. TaKHM o6pa30M, npaaaa nacxB b fl2.45p paBna 0, ox- 
Ky^a cjie7i;yex, hxo paBencxBo fl2.43p b paccMaxpHBaeMOM cjiy- 
Hae xaKJKe Bepno. ■ 


2.3.3 PeajiHsyeMOCTb BepoaxHOCTHbix peaKpHH 

BP / HasBiBaexcH peajiHsyeMoii, ecjin 3 BA A : fA = f- 

CorjiacHo xeopeMe[8l ecjiH 15/1 < 00 , xo / peajiHsyeMa. OGpaipe- 
HHe 9X0X0 yxBep>K/i;eHH5i HeBepno: coxjiacHo HHJKecjie/^yromefi xeope- 
Me, cyipecxByex peajiHsyeMaH BP /, xaKaH, hxo |5/| = cxo. 

TeopeMa 9. 

IlycxB / = Ja, r/i;e A - BA BH/i;a {X,Y, S, PA^), KOMnoHenxBi 
Koxoporo y/i;oBjiexBop 5 iiox ycjiOBHHM: 

|5| = 2, e° = (l,0), 

3xeX,3yeY-.A-’y = a(^l (a,/3 e (0,1)). 

Tor/i;a |5/| = 00 . 


^OKasaxejifcCTBO. 

Ecjih Uk = X... X, Vk = y ■■■ y, to = a 


k 
I 


k \ ^ k (5 
0 1 


no- 


9xoMy f{uk,Vk) = a^{l + kl3). Vfc > 1 onpe/^ejiena ocxaxonnaH BP 
fuu,vk^ H Hexpy/];Ho BH/];exB, hxo Vs > 1 

f ,, 'i _ fjukUsXkVs) _ X+‘‘{l+(k+s)y) _ a‘’{l+{k+s)p) 

J'^k^PkK -5/ /(lifcj'Pfc) a^{l-\-k 3 ) l-\-k 8 


a^{l-\-k/ 3 ) 


Ecjih HCKoxopBix fci, ^2 > 1 (JiyHKpHH fu,.^ h coBna- 

/i,aiox, xo 

W „ > 1 a^(l+(fci+^)/3) _ a^(l+(fc 2 +g)^) 

l+kil 3 T^knlH ’ 


l+fc2/3 
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OTKy^a cjie^yeT, hto ki = /c2- TaKHM oGpasoM, npn pasjiHHHbix k 
4)yHKpHH paSJIHHHbl, T.e. IS*/! = CX). ■ 

IlycTb X rY - KOHeHHbie MHoxcecTBa. Mbi Gy^eM HcnojibsoBaxb 
cjie^yioin;He onpe^ejieHHH h oGoaHaneHHH. 

• SanncB [0, oGosnanaeT MHoxcecTBo cJiyHKpHH BH^a 

f :X* xY* ^ [0,1], 

• KajK^oro r C [0,1]^*^^* KonycoM na^ T nasBiBaeTCH 
no^MHOJKecTBo C'o(r) C [0,1]^*^^*, cocTOHipee hs cJiyHKpHH 

n 

BH^a 'Edifi, r^e 

i=l 

n 

= a* e [0,1], /i G r, E a* < 1, h 

i=l 

-V{u,v)eX*xY* ( E a^f^) {u, v) = E v). 

^i=l ^ i=\ 

• VxgX, V|/GF aanncB oGosHanaeT oTo6pa>KeHHe BH^a 

HasBiBaeMoe c^BHroM, conocxaBjiHiomee Kaac^oH (JiyHKpHH / 
H3 [0,(j3yHKii;Hio, oGosHanaeMyio aanncBio fD^^, r^e 

^ue X*,yv eY* {fD^y){u,v) = f{xu,yv). (2.47) 

• no;];MHo>KecxBo r C [0, nasBiBaexcH ycxoHHHBBiM ox- 

HOCHXejIBHO C/I,BHrOB, eCJIH 

V/er, Va;eX,V|/eF /D"" e C'o(r). 

TeopeMa 10. 

IlycxB X rY - KoneHHBie MHOJKecxBa, h / G R{X, Y). Cjie^ymHe 

yCJIOBHH SKBHBajieHXHBi; 

• / peajiHsyeMa, 
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• 3 KOHeHHoe F C R[X,Y), ycxoHHHBoe oxHocHTejibHo c^^bhxob, 
H xaKoe, Hxo / G Co(r). 

^OKasaxejifcCTBO. 

riycxB / peajiHsyeMa, x.e. 3 BA A = (X, Y, S, P, 
yuex*,yve Y* f{u,v) = 

\/s ^ S o 6 o 3 HaHHM aanncBio Ag BA {X,Y, S, P,^s)- B KanecxBe 

HCKOMOrO r MOJKHO B 33 XB MHOJKeCXBO {JAs | S G S'}. 

/ G Co(r), X.K. / = E s^°fAs, H F c P{X,Y) (no xecpeMeS]). 
ses 

/loKaaceM, nxo F ycxonnnBO oxnocnxejiBHO c^bhxob, x.e. V s G S', 
Vx G X, V?/ G y e C'o(F). CorjiacHO fICTll . 


(2.48) 


Vm g x*,yv G y* 

{fA^D^^){u,v) = fAAxu,yv) = igA-^^y-I = isA-yA^^^I. 
Hexpy^no BH^exB, nxo 

igA^yA-^'^I=Y.as'fAAu,v) 

s'&S 

F^e Vs' G S ttg' - KOMnonenxa BeKxop-cxpoKH cooxBexcxBy- 

loipan cocxonnnio s' (x.e. sjieMenx MaxpnpBi A^y, naxo^Hn^nncn b 
cxpoKe s cxojiGpe s'). CBoncxBa Vs' G S' a^' G [0,1] n E Os' < 1 

s'€S 

5IBJI3IOXC3 CJie^CXBHeM COOXBeXCXByiOmHX CBOiiCXB MaxpnpBI A^y. 

OOpaxHO, nycxB / G C'o(F), r^e F = {/i,..., /„} C P{X, y), n 
F ycxoilnHBo oxnocnxejiBHo c^BnroB. Onpe^ejiHM A kbk BA 


A"=^'(x,y,s,p,0, 

KOMnonenxBi Koxoporo HMeiox cne^yiomnn bh^. 


(2.49) 


^ (®i5 ■ ■ ■ ■} (^n}i r^e Cli, .. . , (lr> 

jiennn / b BH^e cyMMW 


K09(|)(j3Hii,HeHXBi Hpe^cxaB- 


f = ^aifi, r^e Vi = 1,... ,n Oj > 0, < 1. (2.50) 


i=l 


2=1 


Flo npe^nojiojKeHHK), / G P{X,Y), b nacxnocxn, f{e,e) = 1, 

n 

oxKy^a cjie^yex paBencxBo E Oj = 1) nosxoMy G S^. 

2=1 
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• IloBefleHHe P : S x X x S xY —)■ [0,1] BA fl2.49p onpe^ejiHexcH 
MaxpHpaMH nopa^Ka n {x ^ X,y ^ Y): 

r^e \/X G X,^y G F, Vi = 1,... ,n cxpoKa i Maxpapbi 
cocxoHx H3 sjieMenxoB an, ..., ain npe^cxaBjieHHa cJiyHKpHH 

n n 

fiD^y B BH^e cyMMBi X] ciijfj (Vi,i atj >0, E ap < !)• 

i=i i=i 

IIoKaaceM, hxo P HBjuiexca CO BH^a S xX —)• S xY. IlaHHoe 

r 

yxBepjK^enne 9KBHBajieHXHo cooxHomeHHio ( E A^^]! = J. 
Vi = 1,..., n H3 

n 

= (2.51) 

i=i 

cjie^yex, hxo 


(/.D'»)(e,£) = y(2.62) 

i=i 


T.k. Vi = 1,... ,n fjE R{X,Y), xo fj{e,e) = 1. KpoMe xo- 
ro, jieBaa nacxB fl2.52p paana fi{x,y). IIosxoMy fl2.52p mojkho 

n 

nepenncaxB b bh^b fi{x,y) = E oxxy^a cjie^yex cooxho- 


H fi{x, y) = J2Yl ^ij- (2-53) 

y£Y y&Y j=l 

T.k. fi G R{X,Y), xo, corjiacHO BxopoMy cooxHomeHHio b 
fr2.27p . jieBaa nacxB fl2.53p paana fi{e,e), x.e. paana 1. Yhhxbi- 
BaH 3X0, H noMenaa nopa^oK cyMMHpoaaHHH b npaaoH nacxH 
fl2.53p . nojiynaeM cooxHomeHne 


1- (2.54) 

j=lyGY 


Hexpy^Ho bh^oxb, hxo hcxhhhocxb fl2.54p Vi = 1,..., n 3kbh- 

BajienxHa ^oKaaBiaaeMOMy paaeHcxay ( E A^y)l = /. 

^yeY y 


36 
















/I,OKa>KeM, HTo peaKn;HH BA fl2.49p coBna^aeT c /, x.e. 

Vm e a:*, VV e y* = f{u, v). ( 2 . 55 ) 


Ecjih !«! 7 ^ |u|, TO jieBaH nacTB paBencTBa b fr2.55p paBna 0 no onpe- 
^enennio MaxpHii, Bn^a n npaBan nacxB paaencTBa b fl2.55p 

paBHa 0 corjiacHO npe^nonoacennio / G R{X, Y) n nepBOMy cootho- 
mennio b fl2.27p . 

IlycTB |m| = |i;|. /loKaJKOM (nn^ynpHen no |m|), nxo 



(2.56) 


Ecjih u = v = e, to o6e nacxH fl2.56p pannw I. 

Ecjih u = xu' tl v = yv', xo, npepnojiaraH BepnniM paBencxBO 
fl2.56p . B KOTopoM M H v saMeHeHBi na u' n v', HMecM: 



(2.67) 


Ha (12.51 p cjiepyex, nxo npaByio nacxB b fl2.57p mojkho nepenHcaxB b 
BHpe 



(2.58) 


CorjiacHo onpepejicnnio fl2.47p cJiynKpHH BHpa cxojiGen, fl2.58p 

coBnapaex c npaBoii nacxBio poKaaniBaeMoro paaencTBa fl2.56p . 

TaKHM o 6 pa 30 M, paaencTBo fl2.56p poKaaano. Corjiacno oxoMy 
paBCHcxBy, jicBaH nacxB poKaaniBacMoro paBencxBa fl2.55p paana 



(2.59) 


Ho onpepejicHHio (cm. (l2.5np E npaBasi nacxB (I2.59p paana 
f{u,v), T.e. npaaoH nacxH poKaaaiBaeMoro paaencTaa fl2.55p . ■ 
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2.4 CjiynaftHbie nocjie^OBaTejibHOCTH 


2.4.1 IloHaTHe cjiynaHHOH nocjie^oBaTejibHOCTH 

IlycTb X - KOHeHHoe MHoxcecTBo. 

CjiyHaHHOH nocjieflOBaTejibHOCTbK) (CII) na^ X nasbiBaeT- 

CH 4)yHKn;H5i ( G [0,1]^ , y^oBjieTBopHiomaH ycjioBHHM 


C(£) = 1, 

Vm e X* C(m) = E C{ux). 

x&X 


(2.60) 


MnojKecTBo Bcex CH na^ X Gy^ex oGosHaHaxBCH aanncBio i?(l, X). 
Ecjih C G i?(l,X), TO aanncB oGosHanaeT mhojkoctbo 


{w G X* I Ciu) ^ 0}. 


2.4.2 OcTaxoHHbie cjiynaHHbie nocjie^oBaTejibHO- 

CTH 

Ecjih C G R{1,X), h m - cxpoKa h 3 X*, xaRaa, hto ({u) ^ 0, to 
aanncB oGosHanaeT CH h 3 i?(l,X), Ha3BiBaeMyio ocTaTOHHofi 
cn fljiH C, H onpe^ejiaeMyio cjie^yroipHM o6pa30M: 

VW' G X* Cn(w') = 

VC G i?(l,X) 3anHCB o6o3HaHaeT mhohccctbo bccx ocTaxon- 
HBIX cn ^JIH C- OtMCTHM, HTO C G S(^, T.K. C = Ce- 

06o3HaHHM 3anHCBio A(^ HHxepKy (1, X, S'^, P^, Cc), r^e 1 - o^- 

HOOJieMeHXHOe MHOHCCCTBO, e^HHCXBCHHBIH OJICMCHT KOTOporO Gy^ex 
o6o3HaHaXBCH CHMBOJIOM 6, H P^ - CO BH^a 


Pc : Pc X 1 ^ X X, 

onpe^ejiHeMaa cjie^yroipHM o6pa30M; \/CX" ^ S^, \/x E X 

^ 10 , HHane. 


(2.61) 


TeopeMa 11. 
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Ecjih C G H IS*^! < oo, TO - BA, h 

yuex* /^^(el"U) = C(«) 

(aanncb o6o3HaHaeT cxpoxy hs |m| chmbojiob e, r^e {e} = 1 ). 

^OKasaTejiBCTBO. 

yxBepjK^eHHe xeopeMBi cjie^yex h3 toxo, hto ecjin cxpoxa u hmc- 
ex BH^ Xi... Xk, r^e Xi,... ,Xk G X, to 

fA^{u) = C{xi)C^^{x2) . . . Cxi...x^_,{Xk). ■ 

TeopeMa 12. 

Ecjih ( G i?(l,X) h IS*^! < oo, to ( hojihoctbio onpe^ejiHexcH 

CBOHMH 3HaHeHH5IMH Ha CXpOKaX H3 . ■ 


2.4.3 IlapHbie cjiynaHHbie nocjieflOBaTejibHOCTH 


IlycTB X,Y - napa kohchhbix mhohccctb. 

IlapHOH cjiyHaHHOH nocjieflOBaxejiBHOCTbK) (IICII) na^ 

napoH (X, Y) HaBBiBaexcH cJiyHKpHH t] G [0, y^oBjiexBopHio- 

ipaa ycjiOBHHM: 


ri{e,e) = 1 , 

Vm G X*, 'iv G Y* 


ecjiH |m| 7 ^ |i;|, to ri{u,v) = 0, 
r]{u,v) = E r]{ux,vy). 

x&X,y£Y 


(2.62) 


SaHHCB i?(l, X X Y) o6o3HaHaeT mhohccctbo bccx HCn na^ (X, Y). 
Ecjih t ] G i?(l,X x Y), to 3anHCH h o6o3HaHaioT CH 

H3 i?(l,X) H COOTBCTCTBCHHO, Onpe^ejIHCMBie CJie^yiOipHM 

o6pa30M: 


'iu & X* ri^{u)= J2 

veY* 

\/veY* ri^{v)= 


(2.63) 


«ex* 


Ecjih rj G i?(l,X x Y), vl u,v - cxpoKH h3 X* h Y* cootbct- 
CTBCHHo, xaKHe, HTo r]{u, v) 7 ^ 0, TO 3anHCB o6o3HaHaeT HCn h3 
i?(l,X X Y), Ha3BiBaeMyio ocTaTOHHoii IICII ^jih rj h onpe^ejiH- 
CMyio cjie^yroipHM o6pa30M: 


Vm' G X*, Wv’ G X* 




r}{uu',vv') 

r)(u,v) 


39 



\/r] G R{1,X X Y) sanHCb Sr^ oGosHanaeT MHoacecTBo Bcex ocxa- 
TOHHBIX ncn flJIH rj. OxMeTHM, HXO T] G X.K. T] = 


TeopeMa 13. 

IlycxB X,Y - napa KoneHHBix MHoacecxB, n rj & -R(l, X x Y). 
Tor^a cjie^yiomHe ycjioBHH 3KBHBajieHXHBi: 

1 . \Sr^\ < OO, 

2. ISjjxl < OO, H cyipecxByiox 

• BAA BH^a (X,F,^,P,^,o), 

• (JiyHKpHH 6 : S X (X X y) ^ S', H 

• coBOKynnocxB {/^ | s G S'} (})yHKii,HH BH^a X xY —)■ [0,1], 


yflOBjiexBopHiomHe ycjiOBHaM: 


Vs, s' G s, Vx G X, Vy G y 


def 


P{s,x,s',y) = 


fs{x,y), ecjiR s'= s{x,y), 
0, HHane, 


Vx G X, Vy G y, Vm G X*, Vx G Y* 
y{ux,vy) = r]{u,v) ■ /*o(„,„)(x, y), 

r^e Vs G Vx G X, Vy G X, Vx G X*, Vx G X* 
s{e,e) =^s, s{ux,vy) = 6{s{u,v), {x,y)). 


(2.64) 


(2.65) 


(oxMexHM, Hxo H3 fl2.64p H fl2.65p cjie^yex paBencxBo fA = v)- 


2.4.4 ABTOMaxHbie npeoGpasoBaHHH cjiynaHHbix no- 
cjie^oBaTejibHOCTeii 

J11060H Cn C G P(l, X) H jiioGoro BA A BH^a (X, X,...) aanncB 
o 6 o 3 HaHaex 4 )yHKn;Hio h 3 [ 0 , 1 ]'^*^^*, onpe^ejiaeMyio cjie^yio- 
TTT BM o 6 pa 30 M: Vx G X*, Vx G y* 

= ( 2 . 66 ) 


40 






TeopeMa 14. 

VC e V BA ^BH^a (X,F,...) 


r]Q^A e R{1,X X Y). 


^OKasaTejifcCTBO. 

CI,OKa>KeM, HTO BbinojiHeHbi ycjiOBHa fl2.62p ^jih rj VCA- 

• VcAi^X) = C{£)fA{£,£) = 1-1 = 1 . 

• Ecjih |m| 7^ |f|, TO ri^^A{u,v) = C{u)fA{u,v) = C(m) - 0 = 0. 

• PaBCHCTBo r](^^A{u,v) = J2 ^c,A(wa;, vj/), x.e. 

xGX^yGV 

C{u)fA{u,v)= Ciu^)fA{ux,vy) (2.67) 

xGX^y^y 

BepHo noTOMy, hto, corjiacHo fr2.60p . jieBaa nacTb fl2.67p paana 
C{u)fA{u,v) = ( ^ Ciux))fA{u,v) = (^C{ux)fA{u,v)) 

xGiX xGX 

( 2 . 68 ) 

H, nocKOJibKy Ja € R{X,Y), to, corjiacno fl2.27p . 

VxeX fA{u,v) = Y fA{ux,vy), 

yeY 

nooTOMy npaBaa nacTb fl2.68p paana 

{C{ux)fA{u,v)) = Y{(J2 C{ux)fA{ux,vy))). (2.69) 

x£X xeX y£Y 

HeTpy7i;HO BH7i;eTb, hto npaaaa nacTb fl2.69p coana^aeT c npa- 
Bofi HacTbio fl2.67p . ■ 

C r](^^A CBHsaHbi 7i;Be CIl, onpe^ejiHeMbie cooTHomeHHHMH fl2.63p : 

• yY, HeTpy7i;Ho BH7i,eTb, hto oxa CH coBna^aex c C, h 

• Ya, Mbi Gy^eM oGosHanaTb oxy CH sanncbio Ca, h HasbiBaxb 

ee peayjibxaTOM npeoGpaaoBaHHa CII C BepoaxHOCxHBiM 
aBTOMaxoM A. 
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By^HeM rOBOpHTb, HTO CIl C H 3KBHBajieHTHM (h oGoSHanaTL. 

9TO aanncbio C ~ CO; gcjih 3 BA A h 5, xaKHe, hto (' = Ca^ C = Cb- 

TeopeMa 15. 

1. Ecjih Cn C € xaKOBa, hxo MHOJKecxBo S(^ KOHenno, xo 

V BA A = {X ,...) MHOJKecxBo KOHenno. 

2. Ecjih CIl C h C^ xaKOBBi, hxo MHOHcecxBa S(; h S'<^/ kohchhbi, xo 

3 BA A : C' = Ca. 

3. CO-ah jiioGbix cn C G R{1, X) H C^ G -R(l) cjie^yiomHe ycjio- 

BHH OKBHBajICHXHBi: 

(a) C ~ C' 

(b) 3 ^exepMHHHpoBaHHBiH BA A: C^ = Ca h ero peaKpHH Ja 

Ghckxhbho oxoGpajKaex na 

^OKasaxe jibCTBO. 

OGocHycM AHHiB HMHAHKapHio [3b] ^ [Sal Ha [3b] cne^yex cyipe- 
cxBOBaHHe ^exepMHHHpoBaHHoro BA B, xaKoro, hxo orpaHHneHHH 
/a h Jb Ha D(^ H D(^i cooxBexcxBCHHo HBAHioxcH BsaHMHo oGpaxHBi- 
MH OXoGpaJKeHHHMH, OXKy^a HCXpy^HO BBIBCCXH paBCHCXBO Cb — ('■ 

VueX* Cb{u) = E C'{v)fB{v,u) = E C'{v)fB{v,u) = 

veY* v&Di-i 

E C'(^^)= E Ca(^^)= E E r7c,A(r,i;) = 

= E E C{r)-fA{r,v)= E E ar)-fA{r,v) = 

vef-Hu)r&X* ^e/-l(„)rGDc 

= E E C(r)= E C(r) = C(w)- ■ 

2.4.5 LI,enH MapKOBa 

O^HH H3 CHOCoGoB Sa^aHHH cn CBHSaH C HOHHXHeM penH MapKOBa. 
lUenb MapKOBa (I 4 M) - 3 x 0 njixepKa M BHpa 

M={X,S,P,X,e), 

KOMnOHCHXBI KOXOpOH HMCIOX C.TTepyTO TTT HH CMBICA. 
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1. X H S' - KOHeHHbie MHOJKeCTBa, SJieMeHTBI KOTOptlX HaSblBa- 
lOTCH COOTBeXCTBeHHO CHFRajiaMH H C0CT05IHH5IMH L1,M M. 


2. P - C® BH^a S ^ S, HasBiBaeMaa cJ)yHKii,HeH nepexo^a. 
V (s, s') G S X S sHaHeHHe P(s, s') noHHMaexcH k&k BepoHx- 
HocxB xoro, Hxo ecjiH b xeKyipH® momckx BpeMenn (t) M na- 
xo;];hxc5i b cocxohhhh s, xo b cjie^yiomHH momcrx BpeMenn 
(t + 1) M 6yflex naxo^HXBCH b cocxohhhh s'. 

3. A - (JiyHKpHH BH^a S' —)■ X, Vs G S' A(s) noHHMaexcH KaK 
CHXHaji, KoxopBiH IJ,M M BBi^aex b xcKyn^HH momchx bpcmchh, 
eCJIH B 3XOX MOMCHX BpCMCHH M HaXO^HXCH B COCXOHHHH S. 

4- ^ pacnpe^ejicHHc na S', HasBiBacMoe HaHajitHtiM pacnpe- 

flejieHHeM. ^ s E S noHHMaexcH KaK BcpoHXHocxB xoro, 
HXO B HanajIBHBIH MOMCHX BpCMCHH (t = 0) L1,M M HaXOflHXCH 
B COCXOHHHH S. 

OyHKpHH IJ)M M = (X, ...) - 3X0 4)yHKpHH fM G [0,1]^*, 

3HaHCHHC KOXOpOH 

• Ha nycxoH cxpoKc paBHo 1, h 

• Ha HCnyCXOH CXpOKC U = Xq . . .Xk G X* paBHO BCpOHXHOCXH 
xoro, HXO B MOMCHXBI 0, ... ,k CHXHajIBI, BBI^aBaCMBIC M, COB- 
na^aiox c Xq, ... ,Xk, cooxbcxcxbchho. 

IlycxB M = {X, S, P, X,^^) - IJ,M, h ynopn^oHCHHc MHoxcccxBa 

S ce COCXOHHHH HMCCX BHfl (Si,...,S„). MbI 6yflCM HCn0JIB30BaXB 

CJIC^yiOrpHC o6o3HaHCHHH. 

• By^cM o6o3HaHaxB xcm jkc chmbojiom M Maxpnpy nopn^Ka n 

( ... ^’(Sl.Sn) \ 

. . (2.70) 

\ P{^Sni 'Si) • • • P{^Sni Sn) / 

• AIjih jHoGoro X E X 6yflCM o6o3HaHaxB 3anHCBio KBa^pax- 
Hyio Maxpnpy nopn^^Ka n, Kaxc^BiH ojicmchx Koxopofi paBCH 0 
HJIH 1, H 3JICMCHX B CXpOKC i H CXOJiGpC j paBCH 1 XOX^a H 
xojiBKo xor^a, Kor^a i = j h A(sj) = x. 
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TeopeMa 16. 

IlycTL. M - IJ,M BH^a {X, S, P, Ecjih cxpoKa u G X* neny- 

cxa H HMeex bh^ xq ■ ■ - Xk, xo 

fj^{u) = ... ME^H, (2.71) 

r^e I - cxoji6en, nopa^Ka n, Bce 3jieMeHXBi Koxoporo paBHBi 1. 

^OKasaxejifcCTBO. 

PaBencxBo fl2.7ip cjie^yex h 3 npaBHji BBiHHCJienHH BepoaxHocxefi 
HecoBMecxHBix H HeaaBHCHMBix co6bixhh. ■ 

TeopeMa 17. 

Ecjih M - IJ,M, xo fu G i?(l,X). 

^OKaaaxejifcCTBO. 

riepBoe cooxHomeHHe b fl2.60p BBinojiHHexca no onpe^ejieHHio, a 
Bxopoe cooxHomeHHe b fl2.6np ^jih ( /m cjie^yex h 3 (12.7111 , paBen- 
cxBa MI = J H xoro, nxo E^ HBjiHexcH e^HHHHHofi MaxpnpeH. ■ 

TeopeMa 18. 

TT r 1JV* 

IlycxB X - KOHCHHoe MHOJKecxBo, H / G [0,1] . Tor^a cjie^yio- 

ipne yxBepjK^eHHH SKBHBajienxHBi: 

1. 3 ^M M : / = /m, 

2. 3 BA A BH^a (1, X,...) : f = fA° in, 
r^e in : X* ^ 1* X X*,\/u G X* in{u) = 

3. 3CGi?(i,y): V?/i,..., 2/n G y C{yi---yn) = C{yi) ■■■C{yn), 

H 3 ^exepMHHHpOBaHHBIH BA A\ / = ■ 
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rji3)B3) 3 


BepoaTHOCTHbie aBTOMaTbi 
Mypa C HHCJIOBbIM BblXO^OM 

3.1 BepoHTHOCTHbie aBTOMaxM Mhjih h My¬ 
pa 

C KajK^MM BA A = (X, V, S', P, cBJiaant.! C® 

6 :SxX ^ S, X:SxX ^ Y, 

r r 

Ha3t.iBaeMt.ie cooTBexcTBeHHo cJ)yHKii,HeH nepexo^a h cJiynKpHeii 
BBixofla, H onpe^ejiHeMBie cjie^yiotpHM o6pa30M; 

• Vs, s' G S', a; G X 6{s,x, s') J2 x, s', y), 

y&Y 

• y s e S,x e X,y eY A(s, X, y) E P(s, x, s', y). 

s'&S 

BA A = (X, Y, S', P, Ha3BiBaeTCJi BA Mhjih, ecjiH 

\/ s, s' E S,x E X,y E Y P(s, x, s', y) = (5(s, x, s') ■ A(s, x, y). 

BA A = (X, y. S', P, ^'^) Ha3BiBaeTCH BA Mypa, ecjiH oh HBjiHex- 
CH BA Mhjih, h ero cJiyHKpHH BBixo^a A ne 3aBHCHx ox x (x.e. HMeex 
BHfl A : S' —)■ Y). 

r 

IlycxB A = (X, Y, S', P, ^°) - BA Mypa, h ynopH^OHenne mhojko- 
cxBa S' ero cocxohhhh HMeex bh^i; (si,...,s„). Vx G X mbi Gy^eM 
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o6o3HaHaTb aanncbio MaxpHi^y nopa^Ka n, nasbiBaeMyio MaxpH- 
peii nepexofla, cooTBexcTByiomeH Bxo;];HOMy cHrnajiy x ii HMeio- 
myiO BH^ 

/ d(.Si,X,.Si) ... S(.Si,X, Sn) \ 

. , (3.1) 

\ (5(sn,a;,si) ... (5(sn,a;, / 

r^e 6 - (JiyHKpHH nepexo^a BA A. 

'iX G X, Vs, s' G S MBi 6yfleM oGoanaHaxB aanncBio sjie- 
Menx MaxpnpBi A^, naxo^HipHncH b cxpoxe s cxojiGpe s' (x.e. Af = 
(5(s, x, s')). Ha xoro, hxo <5 - C®, cjie^yex, hxo sjieMenxBi MaxpnpBi 
A* o6jiaflaiox cBoficxBaMH 

Vs, s' G A Al^, > 0, 

VsgA E = 1 (T.e. A^J = J). (3-2) 

s'&S 

(Maxpnpa, oGjia^aiomaH xaKHMH cBoficxBaMH, nasBiBaexcH cxoxa- 
cxHHecKoii.) 

Vm G X* MBI 6yfleM oGosHanaxB aanncBio A“ Maxpnpy nopa^- 
Ka n, onpe^ejiHeMyio cjie^yiomHM oGpasoM; A^ E, h ecjin u = 
Xi ... Xk, xo A“ A*i ... A**^. 

Hexpy^Ho ^OKasaxB, hxo Maxpnpa A“ - cxoxacxiiHecKaH. 

HycxB s - npoHSBOJiBHoe cocxoHHne h3 S', h b ynopH^OHennH 
sjieMenxoB S ^anHoe cocxoHHHe HMeex noMep i (x.e. s = Sj). By^eM 
HaaBiBaxB 

• cxpoKy HOMep i MaxpnpBi A“ - cxpoKoii s, h oGoaHanaxB ee 
aanncBio A^ 

• cxojiGeu; noMep i MaxpnpBi A“ - cxoji6li,om s, h o6o3HaHaxB 
ero aanHCBK) A“l. 

Vm G X*, Vs, s' G S MBI Gy^eM oGoaHanaxB aanncBio A^' sJie- 
Menx MaxpnpBi A“, Haxo;i;5iiii;iiHC5i b cxpoxe s cxojiGpe s'. 

Ecjih cxpoKa u E X* HMeex bh^i; xq .. .Xk, xo A^/ mojkho hohh- 
MaXB KaK BepOHXHOCXB xoro, HXO 

• ecjiH B xeKy iii HH momohx (t) BA A naxo^nxcH b cocxohhhh s, h, 
HaHHHaa c oxoro MOMenxa, na bxo^ A nocjie^oBaxejiBHo nocxy- 
naiox ojieMeHXBi cxpoKH u (x.e. b mombhx t nocxynHji CHrnaji 
Xq, B MOMeHX t + 1 HOCXyHHJI CHFRajI Xi, H X.fl.) 
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• TO B MOMCHT t + k + 1 A Gy^OT HaXO^HTBCH B COCTOHHHH s' . 

BA Mypa c /i,eTepMHHHpoBaHHfciM Bbixo/i,OM oto BA My- 

pa {X,Y, S, (|)yHKn;HH bbixo^ob A Koxoporo aBjiHexca ^exep- 

MHHHpOBaHHOH (x.e. MOJKHO CHHXaXB, HXO A HMeeX BHfl S ^ Y). 

Ecjih BA A = (A, Y, S, P, HBjiaexcH BA Mypa c ^exepMH- 

HHpOBaHHBIM BBIXOflOM, XO o6o3HaHeHH3 XaKOXO BA MBI Gy^BM 

HcnojiBsoBaxB aanncB 


K",{/1'|x6X},A), 


(3,3) 


KOMnoHeHXBi KoxopoH onpefleji5iioxc3 cjie^yiomHM oGpaaoM. 

• KoMnoHeHxa b fl3.3p aBjiHexcH BeKTop-cxpoKofl, cooxBex- 
CTByiomeH HanajiBHOMy pacnpe^ejieHHio BA A. 

• KoMnoHeHxa {A^ | x G X} b fl3.3p jiBjiaexca coBOKynHocxBio 
MaxpHi], nepexofla BA A. 



• KoMnoHeHxa A b fl3.3p aBjiaexcH BeKxop-cxojiGpoM 


SHaneHHH (JiyHKpHH BBixo^a A : S' — )■ X BA A (r^e (si,..., s„) 

- 4 )HKCHpoBaHHoe ynopH^oHenne MHOJKecxBa S.) 

Ecjih a - BA Mypa c ^exepMHHHpoBaHHBiM bbixo^om, xo aanncB 
Sa oGo3HaHaex mhojkbcxbo cocxojihhh sxoro BA. 

3.2 BepoHTHOCTHbie aBTOMaxM Mypa c hhc- 

JIOBblM BbIXOA],OM 

3.2.1 IloHHTHe BepoHTHOCTHoro aBTOMaxa Mypa c 
HHCJIOBBIM BblXO^OM 

BA Mypa c HHCJiOBbiM Bbixo/i,OM - sxo BA Mypa c ^exepMH- 

HHpOBaHHBIM BBIXOflOM, MHOJKBCXBO BBIXO^HBIX CHXHajIOB KOXOpOXO 

HBjiaexca no^MHOJKecxBOM MHOJKecxBa R ^eiicxBHxejiBHBix hhcbji. 

APjih BA Mypa c hhcjiobbim bbixo^om mojkho onpe^ejiHXB no- 
H3THe peaKpHH, oxjiHHHoe ox xoro noHaxHH peaxpHn BA, Koxopoe 
Gbijio onpe^ejiBHo b nynKxe 12.1.31 Mbi Gy^eM Ha3BiBaxB oxo nonaxHe 

ycpeflHeHHOH peaKpHeii. 
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3.2.2 ycpe^HGHHbie peaKpHH 

IlycTb A - BA Mypa c hhcjiobmm bbixo^om BH^a fl 3 . 3 p . h ^ G S^. 

ycpe/i,HeHHa5i peaKii,H5i BA A b pacnpe^ejieHHH ^ - sto cjDyHK- 
pHH A^ : X* —)■ R, onpe^ejiiieMaa cjie^yroipHM o6pa30M: 

WueX* A«(k)=^^A“A. 

ycpe^Hennyio peaxpHio BA A b ero HanajiBHOM pacnpe^ejienHH mbi 
6y^eM HasBiBaTB npocxo ycpeflHeHHoii peaKii,Heft BA A, h Gy^eM 
o6o3HaHaTB ee 3anHCBio /^. 

Ecjih cxpoKa u G X* HMeex bh^ xo...Xk, xo BHaHenne A^{u) 
MOJKHO noHHMaxB cjieflyiomHM o6pa30M: 

• ecjiH A B HeKoxopBiH MOMenx BpeMenn t HMeex pacnpe^ejieHHe 

H, HaHHHaa c 3 xoro MOMenxa, na ero bxo^ nocjie^oBaxejiBHo 
nocxynaiox sjieMenxBi cxpoKH u (x.e. b mombhx t nocxynaex 
CHrnaji Xq, b mombhx t + 1 nocxynaex cnrnaji Xi, n x.^.), 

• xo A^{u) - 3X0 cpe^nee Bnanenne (x.e. MaxeMaxnnecKoe ojkh- 
^anne) bbixo^hofo cnrnajia A b mombhx BpeMenn t + k + 1. 

Mbi 6 yfleM roBopnxB, nxo pacnpe^ejiennn ^ 1,^2 £ SKBHBa- 
jieHTHBi no ycpe^nennKJ oxHOCHTejibHO A (n o 6 o 3 HanaxB 3 x 0 
3 anHCBio ^1 ^ 2 ); ecjiH ycpe^nenHBie peaKpnn A^^ n coBna^a- 

lox, x.e. 

Vm G X* = 6Al“A. 

IlycxB Banana napa Ai,A 2 BA Mypa c hhcjiobbim bbixo^om, y 
KoxopBix o^nnaKOBBi MnoncecxBa bxo^hbix cnrnajiOB, x.e. Ai n A 2 
HMeiOX BHfl 


A = (e°,{AnxGX},A,) (* = 1,2). 

Mbi 6yfleM roBopnxB, nxo A^ n A 2 aKBHBajienTHbi no ycpe/i,ne- 
nnKJ (n o6o3HanaxB 3 x 0 BanncBio Ai ^ A 2 ), ecjin nx ycpe^nenHBie 
peaKpnn coBna^aiox, x.e. 

VwGX* eMiAi = e2^2A2. 
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3.2.3 ycpe^HGHHbie GasHCHbie MaxpHpbi 

BA Mypa c hhcjiobmm bbixo^om mojkho BBecxH noHHXHe ycpe^- 
HeHHoii 6a3HCHOH MaxpnpBi, anajiorHHHo xoMy, xax 6 bijio BBe^eno 
noHHxne 6a3HCHOH MaxpnpBi b nyHKxe 12.1.41 

IlycxB A = {A^ I a: G X}, A) - BA Mypa c hhcjiobbim bbixo- 

flOM. 06o3HaHHM 3anHCBio A coBOKynnocxB Bcex BeKxop-cxoji6n,OB 
BH^a A“A, r^e u G X*. 

ycpeflHeHHoii SasHCHoii MaxpHi^eii BA A naBBiBaexcH Max- 
pnpa, o6o3HaHaeMa5i 3anHCBio [A], h y^oBjiexBopHiomaH ycjioBHaM: 

• KajK^Biii cxojiGen; MaxpnpBi [A] HBjiaexca sjieMenxoM A, 

• cxojiGpBi MaxpnpBi [A] o6pa3yiox 6a3HC jiHHefiHoro npocxpan- 
cxBa (A). 

Hexpy^HO bh^bxb, hxo 

ve,.&es^ e, » 61-41 = &|.4|. 

Maxpnpy [A] mojkho nocxponxB npn noMoipH ajiropnxMa, ana- 
jioxHHHoro cooxBexcxByiomeMy ajiropnxMy h 3 nyHKxa 12.1.41 

AI,jih KajK^oro s G S'a mbi Gy^eM Ha3BiBaxB cxpoKoii s MaxpnpBi 
[A] xy ee cxpoxy, Koxopaa co^epjKHx BHaneHna BH^a A“A. Mbi Gy^eM 
oGoBHanaxB 3xy cxpoxy 3anHCBio [AJ^. 

Mbi Gy^eM roBopnxB, hxo cocxoaHHe s G HBjiHexcH Bbinyx- 
jioii KOMSHHapHeft ^pyrnx cocxohhhh BA A, ecjin cxpoxa s Max- 
pnpBi [A] HBjiaexca BBinyKjioii KOMGHHapHefi ^pyrnx cxpoK sxoh 
M axpiipBi, x.e. cyipecxByex pacnpe^ejieHHe ^ G {Sa \ y^oBjie- 

xBopjiiomee ycjioBHK) 


M.= E (3.4) 

s^GS'^\{s} 

3.2.4 Pe^yKpHH BepoaxHOCTHbix aBXOMaxoB My¬ 
pa C HHCJIOBbIM BblXO^OM 

riycxB A - BA Mypa c hhcjiobbim bbixo^om. 

PeflyKpHa BA A 3aKjiioHaexc5i b nocxpoeHHH xaKoro BA Mypa 

C HHCJIOBBIM BBIXOflOM B, KOXOpBIH 
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• 6biji 6hi sKBHBajieHxeH A no ycpe^nennio, n 

• co^epjKaji 6 bi Mentme cocTonnnn, neM A (ecjin oto bosmojkho). 


K BeponTHocTHbiM aBTOMaxaM Mypa c nncjioBbiM Bbixo^oM mojk- 
Ho npHMennxb xe nee Mexo^bi pe^yKpnn, Koxopbie 6bijiH najioJKenbi 
B nyHKxe 12.21 Mbi paccMoxpnM jinnib Mexo^ pe^yKpnn nyxeM y^a- 
jiennn BbinyKjibix KOMGnnapHH. /tannhin Mexo^ ocnoBan na nnjKe- 
cjie^yionieH xeopeMe. 

TeopeMa 19. 

Ilycxb A = {A^ \ X E X}, Xa) - BA Mypa c nncjioBbiM Bbixo- 

flOM, H coexonnne s E Sa nBjinexcH BbinyKjiofl KOMOnnapneH ;];pyrHX 
C0CX05IHHH, x.e. 3^ G {Sa \ Bepno fl3.4p . By^en cnnxaxb, nxo 

ynopn^onenne Sa HMeex bh^ (si,..., Sn) vl s = Sn- 

06o3HanHM chmbojiom B BA Mypa c nncjioBbiM bbixo^om, koxo- 
pbiH HMeex BHfl {B^ \ x E X}, Xb), r^e Sb = Sa \ {s„}, h 



(3.5) 


— {En-i 0)Aa, 


r^e En-i - e^HHHnnaH Maxpnpa nopn^Ka n — 1, .^ = (sf,..., 


0 - cxojiGen, nopa^Ka n — 1 c nyjieBbiMH KOMnonenxaMH. 

Tor^a A ^ B. 

^OKasaxejibCTBO. 

C ynexoM npe^nojioJKenHH, HajiojKennbix b cJiopMyjiHpoBKe xeo- 
peMbi, MOJKHO nepenneaxb fl3.4p b BH^e 


n-l 



(3.6) 


CorjiacHo onpe^enenHio Maxpnpbi [A], paBencxBo fl3.6p paano- 


CHJIbHO COOXHOmeHHK) 


n—1 


v«€A'- a"a. 4 = y 


(3.7) 
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r^e Vi = 1,..., n ^4“ oGosHanaeT i-io cxpoKy MaxpHi^bi A^. 

Mojkho nepenncaxL. fl3.7p b MaxpHHHOM BH^e: 

VmgX* = e(^n-i 0)A-Xa (3.8) 

(r^e Cn - BeKxop-cxpoKa ^jihhbi n, y Koxopofl n-a KOMnoHenxa paBHa 
1, a ocxajiBHBie KOMnoHenxBi paBHBi 0). 

B aacxHocxH, fl3.8p Bepno npn u = e, x.e. 

GuXa = ^{En-i 0)A^. (3.9) 

AIoKaaceM, axo A ^ B, x.e. Wu E X* ^a^^^a = ^bE^Xb- Co- 
rjiacHo fl3.5p . ^jia 3xoro ^ocxaxoHHo ^OKaaaxB, axo Vm G X* 

A^Xa = ^ 0)Xa. (3.10) 

AIoKaaceM fl3.1Up MHjryK Tm ept no |m|. 

Ecjih u = e, xo (13.1 up HMeex bh^ 

Aa = (^ ^ {En-i 0)A^. (3.11) 

CorjiacHO npaanjiaM Maxpnnnoro yMnoncenna, n ynnxBiBaa (B, 
MOJKHO nepenncaxB npaByio nacxB (13.lip cjieflyioni;HM oGpaaoM: 

f En-i{En-i 0)Aa \ / {En-I 0)Aa \ , 

e(^n-l 0)A^ j ~ \ enXA j ~ 

TaKHM oOpaaoM, b cjiynae u = e paBencxBo (I3.10p Bepno. 

riycxB (13.1 op Bepno ^Jia nenoxoporo u. APonanceM, nxo Wx E X 

A-^Xa = ^ 0)Xa. (3.12) 

HcnojiBsya onpe^ejienne na (13.5p . nepennmeM (13.121) b Bn^e 

AI"“Aa = 0)^^- (3-13) 
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y^HTbiBaa HH^yKTHBHoe npe^nojiojKeHHe fl3.10l] . h HcnojiBsya 
npaBHjia MaxpHHHoro yMHOJKenHH nepennineM fl3.13p b bh^b 


= 


En-l{En-l 0) \ .xAu\ 

0) j -4 A, = 


(En-l 0) 




(En-l 0 )A^^Xa 


(3.14) 


^En-l 0) ^ ^ \ ^En-l 0 )A-^Xa 

HcnojiBsyH fl3.8p . nepennineM npaByio nacTB fl3.14p b bh^b 


TaKHM o6pa30M, fl3.12p BBpno. 

CjiBflOBaxBJiBHo, (13.1 op BBpno fljin jiioGoro u G X* 


OxMBXHM, nxo aa^any pacnosHaBaHHH xoro, nBjMBxcn jih KaKOB- 
jihGo h3 cocxohhhh BA Mypa c hhcjiobbim bbixo^om BBinyKjion kom- 
GnHapHBH flpyxHx cocxohhhh sxoro BA, mojkho pBinaxB mbxo^om, 
aHajiorHHHBiM MBxo^y, najiojKBHHOMy b nyHKXB 12.2.31 


3.2.5 CorjiameHHe 

HanHHan co cjiB^yroipBro nynKxa h Konpa khhxh, bcb paccMax- 
pHBaBMBiB BA no yMOJinannio (x.b. bcjih hx bh^ no ynaaan ocoGo) 
npB^nojiaraioxcH BA Mypa c nncjioBBiM bbixo^om. Mbi Gy^BM oGo- 
ananaxB axn BA aanncnMn Bn^a (13.3p , n ^jin najK^oro xanoro BA A 
aanncB Ja oGoananaBx bxo ycpB;];n6nnyio pBaKpnio (noxopyio mbi Gy- 
flBM naaBiBaxB npocxo peaKi^Heft). Tb BA, KoxopBiB Gbijih bbb^bbbi 
B xjiaBB 121 mbi Gy^BM naaBiBaxB BA o6iij,ero BH^a. AIjih KajKfloro 
paccMaxpHBaBMoro BA A aanncB Sa oGoananaBx mbojkbcxbo cocxo- 
nnnn axoro BA. 


3.3 BeposTHOCTHaa peajiHsyeMOCTb 4)yHK- 
IJ,HH Ha CTpoKax 

IlycxB X - KonBnnoB mbojkbcxbo. 
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OyHKi^HH Ha cTpoKax / G R^* HasbiBaeTCH BepoaxHOCTHO pe- 

ajiHsyeMoii, ecjiH 3 BA, peaRpna Koxoporo coBna^aex c /. 

By^eM HcnojiBsoBaxB cjie^yiomHe onpe^ejieHHH h oGosHanenHa. 

• JXjis KaJK^oro T C R^* BBinyKJioft o6ojiohkoh MHoacecxBa 
r HasBiBaexcH no^MHOHcecxBo C'(r) C R^ , cocxoamee hs cj^yn- 

n 

KpHH BH^a Cbifi (naSBIBaeMBIX BBinyKJIbIMH KOM6HHaiI,H- 
i=\ 

HMH 4)yHKpHH /i, . . . , T^e 

n 

-Vi = l,...,n a* e [0,1], /i G r, E Oi = 1, h 

i=l 

( n \ A f 

Y. a,f\)u= Y. a,h{u). 

i=l ' i=l 

• V x G X sanHCB oGosHanaex oxoGpaaceHHe BH^a 

: R^* ^ R^*, 

HasBiBaeMoe cflBHxoM, conocxaBjiaiomee Kaac^oH (JiyHKpHH / 
H3 R^ (JiyHKpHio, o6o3HaHaeMyio 3anHCBio fD^, r^e 

WueX* {fD^){u) = f{xu). (3.16) 

• IloflMHOJKecxBo r C R^ Ha3BiBaexca ycxoiiHHBBiM oxhoch- 
XejIBHO C^BHFOB, eCJIH 

v/gb, Vxgx fD^eC{r). 


TeopeMa 20. 

IlycxB X - KOHeHHoe MHoacecxBO, h / G R^*. C.TTeny TTT He ycjiOBHH 
SKBHBajieHXHBI: 

• / BepoaxHocxHo peajiH3yeMa, 

• 3 KOHCHHOe r C R^ , yCXOHHHBOe OXHOCHXejIBHO C;];BHrOB, H 
xaKoe, Hxo / G C(r). 

^OKasaxejibcxBO. 

IlycxB / BepoaxHocxHo peajiH3yeMa, x.e. 3 BA A = {A^ \ x G 

X},A); 

Vm G X* f{u) = 
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By^eM cHHTaxb, hto MHoacecTBo coctohhhh Sa SToro BA HMeex bh^ 
{1,... ,n}, H Vi G Sa aanncB oGoanaHaex pacnpe^ejienHe h3 S^, 
npe^cxaBjiaeMoe Bexxop-cxpoKofi nopa^xa n, is KOMnoHenxa koxo- 
poH paBHa 1, a ocxajiBHBie KOMnoHenxBi paBHBi 0. 

Vi = 1,..., n onpe^ejiHM A* {A^ | x G X}, A). 

IlojiaraeM B {/a^ | i = 1,. .., n}. / G C(r), x.k. / = E i^° fAi- 

AoKaaceM, hxo Vi = l,...,n, VxgX ^ C'(r). 

CorjiacHo fl3.16p . 

Vm G X* {fA,D^){u) = JaA^^) = 6AI"“A = 6A"A“A. (3.17) 

Hexpy^Ho BH^exB, hxo 

n 

j=^ 

n 

TaKHM o6pa30M, fAiD"" = E e C'(r). 

j=i 

06paxHo, nycxB / G C'(r), r^e B = {/i, h T ycxofi^HBo 

oxHocHxejiBHo cflBHxoB. Onpe^ejiHM BA 

A"Af(^o^{AExGX},A), (3.18) 


F^e 

• - BeKxop-cxpoKa KoscJicJiHpHeHxoB npe^cxaBjieHHH / b bh^b 

BBinyKJIOH KOMGnHapHH (JiyHKpHH H3 B, x.e. 

n 

/ = E*^V*, (3.19) 

i=l 


• VxgX, Vi = l,...,n cxpoKa i MaxpnpBi cocxohx h3 koscJ)- 
(JiHpHeHXOB npe^cxaBjieHHa (|)yHKii,HH fiD^ b bh^b BBinyxjioH 
KOMGnHapHH (JiyHKpHH H3 B, X.B. 

n 

f.D‘ = Y.Alf>’ ( 3 - 20 ) 

i=i 

, g () 

I 'fn(e) j 
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/I,OKa>KeM, HTo peaKii,H 5 i BA fl3.18p coBna^aex c /, x.e. 


Vm e X* = f{u). (3.21) 


JXjiii 3 X 0 X 0 CHanajia ^OKaxceM (tTHayK im etl no |m|), nxo 




' /i(«) 

V fn{u) 


(3.22) 


Ecjih m = £, xo o 6 e nacxn fl3.22p coBna^aiox no onpe^enennio A. 
Ecjin u = xu', xo, npe^nojiaran BepnniM panencxBO fl3.22p . b 
K oxopoM u aaMeneno na u', HMeeM: 


A“A = A^“'A = A^A^'X 



A^ 


Mu') 

V /«(“') 




(3.23) 


Ha fl3.2Up cjie^yex, nxo npaayio nacxn b fl3.23p Moncno nepenncaxn b 
BH^e 


V ifnDniu') 


(3.24) 


Coxjiacno onpe^enennio fl3.16p cJ^ynKpHn Bn^a fD^, cxojiGen; fl3.24p 
coBna^aex c npaaon nacxnio ^oKaaniBaeMoro paaencxBa fl3.22p . 

TaKHM o 6 pa 30 M, paaencxBo fl3.22p ^oKaaano. Coxjiacno oxoMy 
paBcncxBy, jicBan nacxn ^oKaaninaeMoro panencxna fl3.2ip panna 




' /i(«) 

V 


I] ^^°/*(«)• 

2=1 


(3.25) 


Ho onpe^ejiennio (cm. fl3.19p E npanan nacxn fl3.25p panna 
f{u), x.e. npanoH nacxn flOKaaninaeMoro panencxna fl3.2ip . ■ 
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3.4 CBasb Me^K^y jinneiiHO-aBTOMaTHbiMH 

4)yHKLI,H5IMH H peaKI^HHMH BepOHTHOCT- 
HblX aBTOMaXOB 

TeopeMa 21. 

IlycTb L = {L^ I X G X}, Al) - JIA pasMepnocra n. 

Tor^a cymecTByioT BA A h hhcjio a > 0, xaKHe, hto Vm G X* 

fA{u) = al“l+VL(M) + ( 3 . 26 ) 

^OKasaTejibCTBO. 

Ecjih Bce KOMnoneHTBi Xl paBHBi nyjiio, to Bce aHaneHHH cJiyHK- 
pHH fi paBHBi Hyjiio, B 3TOM cjiyHae hckombih BA mojkot hmctb bh^ 

{ei,{E I a; G X},^ei), 

r^e Cl H Cl - BOKTop-CTpoKa H BeKTop-CTOJiGen; cooTBexcTBenHo, y 
KOTopBix nepBaa KOMnoHeHxa paana 1, a ocxajiBHBie paBHBi 0. 

IlycTB He Bce KOMnoHeHXBi Xl paBHBi Hyjiio. Mojkho cHHxaxB, hxo 
Xl = e\ (a ecjiH Xl ^ e\, to aaMCHHM L na sKBHBajieHXHBiH eMy JIA 

r^e P - o 6 paTHMaH MaxpHpa, nepBBiH cxojiGeii, Koxopofi panen Xl)- 
V a; G X onpe^ejiHM Af k&k Maxpnpy nopn^Ka n + 2 BH^a 

^ ai 0 ^ 

. 

Qjn 0 

0 ... 0 0 0 

\bi ... bn bo 0 


B KOTOpOH 


• jieBaH BepxHHH no^MaxpHpa nopa^Ka n coBna^aex c h 

• KOMHOHeHXBI Oi,..., H 6 i 6 o BBiGpaHBI XaK, HTO cyM- 

Ma KOMHOHeHTOB B Ka>K.Zi;OH CXpOKe H B KaJK^OM CXOJiGpe Max- 
pnpBi Af paBHa nyjiio. 
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Bxopoe H 3 3 THX CBOHCTB MOJKHO BBipaSHTB B BH^e paBCHCTB 


All = 0^, iAl = 0, 


(3.27) 


r^e I VL I - BeKTop-CTOJi6en, h BeKTop-cxpoKa nopa^Ka n+2, KajK^Bifi 
SJieMBHX KOXOpBIX paBCH 1, H Qi 

H 0 - BeKxop-cxojiGen; h Bexxop- 
cxpoKa nopa^Ka n + 2, KajK^Biii sjieMenx KoxopBix paaen 0. 

Hexpy^Ho BH^exB, hxo 'i u ^ e jieBaH BepxHHH no^Maxpnpa no- 
pa^Ka n MaxpnpBi coBna^aex c h Bce KOMnoHenxBi cxpoKH 
n — 1 H cxojiGpa n MaxpnpBi A^ paBHBi Hyjiio. KpoMe xoro, Gy^yx 
BepHBi paaeHcxBa fl3.27p . b Koxopaix x saMeneHo na u. 

06o3HaHHM 3anHCBio Bexxop-cxpoxy ((^°, c, 0) nopa^xa n + 2, 
B xoxopoH jieBaa no^cxpoxa nopa^xa n coana^aex c h hhcjio c 
BB i6paHo xax, hxo cyMMa xoMnonexxoB paana nyjiio (x.e. = 0). 

BaiGepeM hhcjio a > 0 xax, hxo6bi Mo^yjia xajx^oro 3jieMeHxa 
cxpoxH ® MaxpHpai aAl 6biji Mename 

Onpe^ejiHM Maxpnpy B nopa^xa n + 2 h aexxop-cxpoxy ^ no- 
pa^xa n + 2 cjie^yiomHM o6pa30M: 


B 


def 1 
n+2 


/ 1 
V 1 


Hexpy^HO an^exa, hxo 



e = 7T2(i---i)- 


52 = B, BI = /, = IAB = e, 

AIB = 0, BAl = 0, ilB = 0, iAl = 0, 


(3.28) 


r^e cHMBOJi 0 B fl3.28p o6o3HaHaex Hyjieayio Maxpnpy hjih aexxop- 
cxpoxy nop5i;];xa n + 2. 

Hcxombih BA HMeex bh^ A = (^^, {A^ \ x G X}, A^), r^e 


eV=< + e, Va:eX A" 


aAl + B, 


Xa := 



Hexpy^HO BH^exa, hxo ace ojieMCHxai aexxop-cxpoxH ^(4 h Max- 
pHn, A^ nojiojxHxejiBHBi, ^aI = 1, h Vx G X A^I = I (x.e. ^ 

pacnpe^ejieHHe, h Vx G X Maxpnpa A^ onpe^ejiaex C®). 
AIoxajxeM, Hxo aepno paaeHcxBo fl3.26p . 
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Ecjih u = e, TO jieBaH nacTL. fl 3 . 26 p paBna 


HTo paBHo npaBOH nacTH fl3.26p . 

Ecjih m 7 ^ e, to h 3 fl3.28p cjie^yeT, hto + B, h, 

HcnojiBsyn fl3.28p . nojiynaeM: 

fA{u) = = {ai\ + 0(al“lA“ + B)\a = 

= + OAa = Aa + = 

= aH+7^(«) + ^.B 

3.5 3pro^HHHbie aBTOMaxM 

3.5.1 BcnoMoraTGJibHbie noHHTHH h pesyjibTaTbi 

Mbi Gy^eM HcnojiBsoBaTB cjic^yroipHe oGoaHaHCHHa: 

• ecjiH V = {vi,... ,Vn) e TO aanncH |t;| h ||u|| oGosHanaioT 
COOTBCTCTBCHHO HHCJia 

max \vi\ H max Vi — min n*, 
i=l...n 2=1...n 2=1...n 

• ecjiH A - KBa^paTHaH MaTpnpa nopn^Ka n, to aanncH |2l| h 
IAI oGosHanaioT cootbctctbchho nncjia 

max \aij\ h max ||A|||, 

i^j=l...n 2=1...n 

r^e A\ - i-H cTOJiGen; MaTpnpBi A, 

• eCJIH A - MaTpnpa (b naCTHOCTH, BCKTOp-CTpOKa HJIH BCKTOp- 
CTOJiGep), TO sanHCB A > 0 oananaeT, hto Ka>K;];BiH ojicmcht 
9TOH MaTpnpBI nOJIOJKHTCJieH, 

• ecjiH A - KBa^paTHaH MaTpnpa, to aanncB Q{A) oGoananaeT 
6yjieB ma6jiOH MaTpnpBi A, T.e. MaTpnpy, nojiynaeMyio h 3 A 
3aMeHOH KajK^oro HenyiieBoro ojieMCHTa na 1, 

• ecjiH {A* I X G X} coBOKynHOCTB MaTpHii, nopa^Ka n, hh^ck- 
CHpOBaHHBIX OJICMCHTaMH MHOJKCCTBa X, TO 
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— Vm G X* aanncb o6o3HaHaeT MaxpHi^y, onpe^ejiaeMyio 
cjie^yiomHM o6pa30M; - e^HHHHHaji Maxpnpa nopa^Ka 
n, H ecjiH u = Xi... Xk, xo A^ A^^ ... A^’^, h 

— Vm G G {1,... ,n} 3anHCb o6o3HaHaex sjie- 

MeHx MaxpHpbi A^ b cxpoKe i h cxojiGpe j. 

Hexpy;];HO flOKa3axb, hxo ecjiH {A^ \ x E X} - coBOKynHocxb 
cxoxacxHHecKHx MaxpHu; o^HnaKOBoro nopH^xa, xo 

Vu,veX* Q{A^^) = Q{A^)Q{A^), 

r^e npoHBBe^eHHe GyjieBBix inaGjioHOB onpe^ejiHexca anajiorHHHo 
o6BiHHOMy npoHBBe^eHHK) MaxpHi],, c e;];HHcxBeHHBiM oxjiHHHeM: cyM- 
Ma 1 + 1 cHHxaexcH paBHofi 1 (mbi Gy^eM Ha3BiBaxB xaxoe npoH3Be- 
^enne 6yjieBt.iM npoH3Be/i,eHHeM). 

TeopeMa 22. 

IlycxB Ba^aHBi KOHennoe mhojkooxbo X, naxypajiBHoe hhcjio n, 
H coBOKynnocxB {A^ \ x E X} cxoxacxHHecKHX MaxpHu; nopa^Ka n. 
Cjie^yiomHe ycjioBHH sKBHBajienxHBi: 

(a) lim ||y4“|| = 0, 

|u|^oo 

(b) 3k > 0 :\/u E X^ 3iG{l,...,n}: A^^ > 0, 

(c) 3k>Q-.'iuEX^ 

\/i,i' G {1,... ,n} 3j : A^ > 0, > 0. (3.29) 

^OKaaaxejiBCTBO. 

CxeMa flOKa3axejibcxBa: (a) ^ (b) ^ (c) ^ (a). 

• (a) ^ (b); BBiGepeM k xax, hxo Vm G X^ ||A“|| < K 

IlocKOJiBKy V M G X^ Maxpnpa cxoxacxHHecKaa, xo b jiioGoh 
ee cxpoKe cyipecxByex ojieMenx > K CxojiGen; A)*'*', b KoxopoM 

CO^epJKHXCH 3XOX OJICMCRX, oGjia^aOX CBOHCXBOM 

nosxoMy A"'*' > 0. 

• (b) ^ (c): OHOBH^HO. 
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• (c) ^ (a): nycTt. Bepno (c), T.e. 3/c > 0 : Vm G Bepno 
fl3.29p . 06o3HaHHM CHMBOJIOM C MHHHMajIBHBlfl nOJIOJKHXejIB- 
HBiii 3jieMeHT MaxpHu; BH^a r^e u G . 

JleMMa. 

J\jis J11060H MaxpnpBi B nopa^Ka n Bepno HepaBencxBo 
\\A^B\\<{l-c)-\\B\\. (3.30) 


^OKasaxe jifcCTBO. 

06o3HanHM Maxpnpy A^B chmbojiom D, h sjieMenxBi Max- 
pHn; B n D - 3anHC3MH bij, dij (z, j = 1,..., n) cooxBex- 

CXBeHHO. 

^0Ka3axejiBcxBa HepaBencxBa fl3.30p ^ocxaxonno ^o- 
Ka3axB, nxo G {1,... ,n} Bepno nepanencxBo 

\dij — diij\ < (1 — c){Mj — rrij), (3.31) 

r^e Mj : = max btj , rrij = min btj . 

IlycxB z, z' G {1,..., n}. 06o3nanHM Banncnio Jq nn^enc, 
y^oBjiexBopnion^HH ycjioBHio ^4“-^ > c, A^,j^ > c. 

Bepnni panencxBa 

di, = E A^b,, + - bj„)) 

di'j = E - ^j)) 

H3 Koxopnix cjie^yiox cooxnomennn 

dij — ( S ~ ~ ^joj) ~ ~ ~ ^joj) 

di'j > E Af,^mj + A^,j^{bj^j - nij) = rrij + Af,j^{bj^j - rrij) 

H3 Koxopnix cjie^yex nepanencxBo 

dij — di'j < Mj — A-j^[Mj — bjgj) — rrij — A^,j^{bjgj — rrij). 

(3.32) 

IIocKOJiBKy Mj — bj^j > 0 H bj^j — rrij > 0, xo, ncnojiBByn 
onpe^ejienne c, Moncno opennxn cnepxy npanyio nacxn 
fl3.32D BnanenneM 

Mj - c{Mj - bj^j) - rrij - c{bj^j -rrij) = {1- c){Mj -rrij). 
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TaKHM o6pa30M, ^oKasano HepaBencTBo 


dij — di/j < (1 — c){Mj — rrij). (3.33) 

B cHJiy npoH3BOJiBHocTH BBiGopa HH^eKcoB i, i' BepHo Hepa- 
BencTBo 

diij — dij < (1 — c){Mj — rrij). (3.34) 

H3 fl3.33p H fl3.34p cjie^yeT fl3.3ip . ■ 

H3 jieMMBi cjie^yeT, hto 

Vm e X* ||A“|| < (1 - c)[l“l/^l • Ill'll (|/| < k). (3.35) 

IIpaBaH HacTB fl3.35p cxpeMHTCH k nyjiio npn |m| —)■ oo, no9To- 
My ycjioBHe (a) Bepno. ■ 

3.5.2 IloHHTHe spro^HHHoro BepoaxHOCTHoro aB- 
TOMaxa H KpHXepHH SprO^HHHOCTH 

BA A = (^‘^j {A* I a: G X}, A) HaBBiBaexca 3pro/i,HHHfciM, ecjin 

Vs,s'e5A |A“-A“,|^0 (|m|^cx)). (3.36) 

TeopeMa 23. 

BA A = (,^°, {A^ I a; G X}, A) 9proflHHeH xor^a h xojibko xor^a, 
Kor^a Vm G X*\{e} Maxpnpa A“ peryjiapHa (x.e. 3n : (A“)"' > 0). 

^OKasaxejifcCTBO. 

Ecjih a 9proflHHeH, ho ^jih neKoxoporo u G X*\{e} Maxpnpa A“ 
HeperyjiHpna, xo V A; > 1 (A“)^ HeperyjiHpna. H 3 9proflHHHocxH A 
cjie^yex, hxo BBinojiHeno ycjioBHe (a) b xeopeMe[25]( lim ||A“|| = 0). 

|u|—)-oo 

no9xoMy BBinojiHeHo ycjioBHe (b) b 9xoh xeopeMe, x.e. 

3/ > 0 : Vm G X' : A“^ > 0. 

Mojkho flOKa3axB, hxo 9 x 0 npoxHBopeHHx HeperyjiHpnocxH MaxpHu; 
BH^a (A“)^, r^e k - npoH3BOJiBHoe naxypajiBHoe hhcjio. 

ObpaxHo, nycxB Vm G X* \ {e} 3n : (A“)"' > 0. 

Mbi 6y^eM HcnojiB30BaxB cjie^yioniHe o6o3HaHeHHH. 
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• Sanncb Qa oGosHanaeT MHoacecTBo {QIA^) \ u G X*} 6yjie- 
Bbix inaGjioHOB MaxpHn; BH^a A^. 

Hexpy^Ho bh^bxb, hxo MHOJKecxBo Qa KOHenno. 

• Chmboji o6o3HaHaex MHOJKecxBo Bcex MaxpHu; h3 Qa, co- 
flepjKaipHe cxojiGen; I (ace ero sjieMenxBi paBHBi 1). 

• Chmboji k o6o3HaHaex hhcjio pa3JiHHHBix MaxpHii; h3 Qa \ Qa- 
OxMeXHM, HXO 

PeQi ^ ^QeQa QPeQi- (3.37) 

^OKaJKeM, HXO 

Vm e Q{A^) e Qi- (3.38) 

IlycxB u = {xi... Xk+i) H Q(A“) ^ Q^^. H3 (I3.37P cjie^yex, hxo 

= 1,..., fc + 1 Q{A^^) •... • Q(7l"'=+0 e Qa \ Qa- (3-39) 

IlocKOJiBKy |Qa \ Qa\ = fc, to h3 fl3.39p cjie^yex, hxo 

3i,j e {l,...,k + l} :i < j, , . 

Q{A^^) Q(7l^^+i) = QiA^i) Q(A^^+^) ^ Q^. ^ ^ ^ 

Onpe^ejiHM v'^{xi... xj-i), w‘^{xj ... Xk+i). 03 (13.40^ cjie^yex, 

HXO 

yt > 1 QUA^A^) = Q{A^) ^ Q^. (3.41) 

IloCKOJIBKy 

• H3 peryjiHpHocxH A" cjie^yex, hxo 3 t>l:(74 '")*>0,H 

• H3 peryjiHpHocxH A'^ cjie^yex, hxo 3 s : A^^ ^ O'*", 

xo {A^’YA^^ > 0, x.e. Q{{A^Y ^ Qai ^to npoxHBopenHx fl3.4ip . 

TaKHM o6pa30M, cbohcxbo fl3.38p aepno. 3xo cbohcxbo coana^a- 
ex c ycAOBHOM (b) xeopeMBi [22] BA A. CAe^oBaxeABHo, aepno 
ycAOBHe (a) oxoh xeopeMBi, oxxy^a cne^yex spro^HHHocxa A. ■ 
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3.6 yCTOHHHBOCTb BepOHTHOCTHbIX aBTOMa- 
TOB 

3.6.1 BcnoMoraxejibHbie yTBep:ac^eHHa 

Mm Gy^eM HcnojibsoBaTt cjie^yiomHe oGosHaHennH; ecjin A - Max- 
pHii,a, H c G R, TO aanncH A > c ii A > c osHanaioT, hto Ka>K;];t.iH 

OJieMeHT 3TOH MaTpHIi;t.I > C HJIH > C COOTBeXCTBeHHO. 

TeopeMa 24. 

Ecjih a - cToxacTHHecKaH Maxpapa nopapKa n, A > c > 0 , ii 
A G - BeKxop-cxojiGen;, to 

||AIA||<( 1 - 2 c)||A||. 

^OKasaxejibCTBO. 

06o3HaHHM ojieMeHTBi MaxpHpBi A H BeKxop-CTOJiGpa A aanncjiMH 
Ojj H Aj {i,j = cooTBexcTBCHHo. KpoMe xoro, oGoanaHHM 

sanHCBK) b = {bi... bn)"" BeKTop-cxojiGen; AX. BypeM cHHxaxB, hxo 

bi = maxbi, 62 = min^j, Ai = max A*, A2 = min 6* 

(ecjiH 3X0 He Tax, to cooTBexcxByion^HM oGpaaoM nepecxaBHM b Max- 
pnpe A cxojiGpM h cxpoKn). 

Hapo poKasaxB, hto &i — &2 < (1 — 2c)(Ai — A2). 

Mm poKajKeM Gojiee cHjiBHoe HepaBencxBo; 

61 — 62 < (1 — ^12 ~ fl2i)(Ai — A2). 

Hexpypno BHpexB, hto BepHM cjiepyiomHe cooxHomeHHJi: 

• 61 = '^dijXj = (1 — X) ®ij)Ai + X ~ 

j i>2 j >2 

= Ai — X flijr'(Ai — Xj) < Ai — ai2(Ai — A 2 ), 

J>2 

• &2 = X ®2jAj = a2lAl + (1 — 021 ~ X 0 ‘ 2 j)X 2 + X ®2jAj = 

j i >3 i >3 

= A2 + 02i(Ai — A2) + X Q' 2 ji^j ~ A2) > A2 + 02i(Ai — A2). 

i >3 
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TaKHM o6pa30M, 

6l — 62 ^ — CIi2(Ai — A 2) — A2 — a2i(Ai — A2) = 

= (Ai — A 2 ) — (ai2 + a2i)(Ai — A 2 ) = (Ai — A2)(1 — ai2 — 021 )- ■ 

TeopeMa 25. 

Ecjih 3c>0:Va:GX MaxpHpa y^oBjieTBopaeT nepaBencTBy 
> C H 3BJI5ieTC3 CTOXaCTHHeCKOH, TO V M G X* 

||Al“|| < (1 - (3.42) 

^OKasaTejifcCTBO. 

06o3HaHHM CHMBOJIOM u Hopa^oK MaxpHu; A^. 

Cnanajia ^oKaxceM, hxo Vu E X* Bepno cooxHomeHne 

VAgR” ||Al“A|| < (1-2 c)I“I||A||. (3.43) 

fl3.43p Bepno ^jis u = e. 

Ecjih fl3.43p Bepno ^jih Henoxoporo u G X*, xoVa: G X, ncnojin- 
3yn npeflnojioJKenne fl3.43p n xeopeMy |2ll nojiynaeM: 

||Al“^A|| = ||A“Al^A|| < (1 - 2c)l“l||Al^A|| < 

< (1 - 2c)l“l(i - 2 c)||A|| = (1 - 2c)l“^l||A||. 

TaKHM o6pa30M, fl3.43p Bepno ^jih Bcex u G X*. 

Tenepn ^oKanceM fl3.42p HHflyKpneH no |k|. 

• Ecjih |m| = 0 hjih 1, xo fl3.42p Bepno. 

• IlycxB fl3.42p Bepno ^jih neKoxopon cxpoKH m G X*, n nycxn 
X G X. 

06o3HanHM coBOKynnocxn cxojiGpoB A^ Banncnio (Ai... A„). 

HcnojiBByn fl3.43p n cbohcxbo Vi = 1,... ,n ||Ai|| < 1, nojiyna- 
eM: 


||^«x|| ^ ^ ||yl-(A^...A^)|| = ||(aI-Ai...AI“A„)|| = 

= max ||A“Ai|| < (1 — 2c)l“l max ||Ai|| < (1 — 2c)l“l = 

= (1 -2c)l“^l-V 
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TaKHM o6pa30M, fl3.42p Bepno ^jih jiioGoh cxpoKH u G X*. ■ 


TeopeMa 26. 

Ecjih a - cToxacTHHecKaa Maxpapa nopapKa n, xo pjia jiio6oh 
M axpHpti B nopjipKa n Bepno HepaBencxBo 

\AB -B\< ||fi||. 


^OKasaxejifcCTBO. 

IlycxB npepcxaBjieHHe MaxpnpBi B b Bnpe nocjiepoBaxejiBHocxn 
cxojiGpoB HMeex Bnp [B\ ... B}^, xorpa 

\AB-B\ = \A{B\...Bi)-(Bi...Bi)\ = 

= \(AB\-B\...ABi-Bi)\ = 

= max \ABI — bI\ < max ||i?/|| = ||i?||, 

i i 

r^e nocjie^Hee HepaBencTBo cjie^yeT h 3 HH:^ecjie::^cyioiii;eH jieMMBi. 

JleMMa. 

Ecjih A - cxoxacxHHecKan Maxpnpa nopapKa n, h A G R" - 
BeKxop-cxojiGep, xo |y4A — A| < ||A||. 

^OKaaaxe jibCTBO. 

IlyCXB OJieMCHXBI A R X HMeiOX BHp Qij H Aj {i,j = 1, ... ,n). 

IlocKOJiBKy Vi = 1,..., n X) op = 1, to 

j 

|y4A — A| = max | ~ = 

* j 

= max I J2{aij^j) - E(apAi)| = max | - Ai)| < 

* J j * j 

< < maxX]ap||A|| = ||A||. ■ 

* J * J 

TeopeMa 27. 

IlycxB P,Q - cxoxacxHHecKHe MaxpHpBi nopnpKa n, xorpa pjiH 
J 11060 H MaxpHpBi B nopapKa n Bepno nepaBencxBo 

\PB-QB\<\B\\. (3.44) 


^OKaaaxejiBCTBO. 
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06o3HaHHM MaTpHii;y P — Q chmbojiom A, h sjieMeHTbi MaxpHn, 
A, P, Q - sanHCHMH a^, Pij, qij = n) cooTBexcTBeHHo. 

Maxpnpa A y^oBjiexBopjiex ycjiOBHio: 

n n 

Vi = l,...,n '^aij = 0, (3.45) 

i=i i=i 


r^e 


^(+) def 


^ij 1 

0 , 


ecjiH Qij > 0 
HHane 


x.K. Vi 




• E ap = - Qij) = J2Pij - E gp = 1 - 1 = 0, 

j j j j 


• ecjiH ttij ^, • • •, dijf, - cnncoK Bcex HeoxpnpaxejiBHBix 9jieMeHxoB 
i-fi cxpoKH MaxpnpBi A, xo 


E aij^ = EiPijs - Qijs) = T.Pijs - E Qij, < 1 - E Qijs < 1- 


IlepenHmeM ^oKasBiBaeMoe HepaBencxBo 03.441) b bh^b 

\AB\ < ||S||. (3.46) 

06o3HaHHM Maxpnpy AB chmbojiom C, h ojieMCHXBi MaxpHii, A, 
B, C - 3anHC5iMH a^j, bij, Cij {i, j = 1,..., n) cooxBexcxBCHHo. 
IlyCXB SJieMCHX Ckr MaxpHpBI C XaKOB, HXO 

|cfcr| = max |cjJ (= lAi?!). (3.47) 

ij 

Onpe^ejiHM M maxbjr, m min6,>, h B): r-H cxojiGen, 

j j 

MaxpnpBi B. H3 sxoro onpe^ejieHHH cjieflyex, hxo 

M-m = ||S;(|| < ||S||. (3.48) 

H3 03.471) H 03.48P cjie^yex, hxo ^jih ^0Ka3axejiBcxBa HepaBCHcxBa 
03.46P flocxaxoHHo flOKa3axB HepaBCHcxBo 


\ckr\ < M — m. (3.49) 

06o3HaHHM 3anHCBio cyMMy Bcex nojiojKHxejiBHBix 

(oxpnpaxejiBHBix) hhcbji BH^a akj {j = 1,... ,n). SaMcxHM, hxo 
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• H3 ttkj = 0 cjie^yeT ^ = 0, hjih ^ = —a^^\ 

i=i 

• H3 ^ a\^'^ < 1 cjie^yeT < 1. 

i=i 

/I,jia flOKa3aTejit.cTBa HepaBencTBa fl3.49p paccMoxpHM ox^ejiBHo 

cjiynan Ckr > 0 n Ckr < 0. 

• EcJIH Ckr > 0, XO 

\ckr\ = Ckr = Hcikjbjr < M + a^~'>m = 
j 

= aW(M — m) < M — m, 
x.e. B ^aHHOM cjiynae HepaBencxBo fl3.49p Bepno. 

• EcJIH Ckr < 0, TO 

Ckr = '^CLkjbjr > + a^~'^M = a^^\m — M), 

j 


nosxoMy \ckr\ = —Ckr = {M — m) < M — m, x.e. b ^aHHOM 
cjiynae HepaBencxBo fl3.49p xaxjKe Bepno. ■ 

3.6.2 IloHHTHe yCTOHHHBOCTH BepOHTHOCTHMX BB- 
TOMBTOB 

IlycxB 3aflaHBi BA A = {A^ | a; G X}, A) h hhcjio £ > 0. 

SanncB 0£{A) o6o3Hanaex mhojkocxbo BA, KajK^wfi h3 Koxopwx 
nojiynaexcH h3 A nyxeM npnGaBjieHHn k sjieMenxaM cxpoKH h 
MaxpHu; A^ nnceji h 3 HHxepBajia (—£,e). 

BA A Ha3BiBaexc3 ycxoHHHBbiM oxHocnxejiBHo HTC a E I {A), 
ecjiH 3e > 0 -.yB E Os{A) a E I{B) n Aa = Ba- 

TeopeMa 28. 

IlycxB 3aflaH BA A = {A^ \ x E X}, A), h Vx G X > 0. 

Tor^a y a E I (A) A ycxofinna oxHocnxejiBHo a. 

^OKaaaxejibCTBO. 
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Ho npe;];nojio>KeHHio, 35>0:VMeX 

|/a(m) -a\> 6 . 


(3.50) 


/I,OKa>KeM, HTO 3£ > 0: Vi? G Oe(y4), Vm G X* 

|/a(m) -/b(m)| < I- (3.51) 

OxMeTHM, HTo H3 fl3.5ip cjie^yioT TpeGyeMbie cooTHomenHa a E I{B) 
H Aa = Ba, T.K. 

• a E I{B), BepHo noxoMy, hto Vm G X* h3 HepaBencTBa 

|/a(m) - a| < |/a(m) - fB{u) \ + Ifsiu) - a\ 

corjiacHo fl3.5ip h fl3.50p cjie^yioT cooxHomeHHa 

|/b(m) -a\> \fA{u) -a\- |/a(m) - fsHl > . ^ 

^ ^ 2 2 ’ 

• Aa = Ba BepHO HOTOMy, HTO BCJIH 3 m G X*: COOTHOmeHHe 

/a(m) > a fsiu) > a 

HeBepHo, TO, corjiacHo fl3.5np h fl3.52p . 6yAi;eT Bepno nepaBen- 

CTBO 

|/a(m) - /s(m)| > 5, 

KOTopoe npoTHBopeHHT fl3.5ip . 

IlycTB B HMeex bh^i; I ^ ^ ^};-^)) To^A^a mojkho nepe- 

nHcaxB fl3.5ip b BH^i^e 

- ^%B^X\ < f. (3.53) 


IloCKOJIBKy 


< - e^i?“A| + |e^i?“A - e^i?“A| = 

= |e^(Al“-i?“)A| + |(eO-eO)i?“A|< 

< |yl“-i?“|-n-|A| + |e^-e^|-n-|A| 


68 















(r^e n = 15^1), to, cjie^oBaTejibHo, HepaBencTBo fl3.53p Gy^ex Bepno, 
ecjiH Gy^yx Bepnbi HepaBencxBa 


\eA-&\<h, = ( 3 . 54 ) 

TaKHM oGpaaoM, ^oKaaaxejiBcxBa xeopeMbi fl28p ^ocxaxoHHo 
flOKaaaxB, hto 3 £ G (0, ^i): VS G Os{A), Vm G X* 

l^n _ ^n| ^ 

Ho npe^nojiojKeHHio, 3c>0:VxgX > c . 

BbiGepeM k xax, htoGbi Gbijio Bepno HepaBencxBo 

(3.56) 

JleMMa. 

IlycxB £ G (0, f), S G 0^{A), H 

VmgX^^ |A“-S“|<f. (3.57) 


Tor^a Wu E X* Bepno nepanencxBo fl3.55p . 
^OKasaTejibCTBO. 

Ecjin |m| < fc, TO fl3.55p cjie^yex ns fl3.57p . 
IlycxB |m| > k, xor^a u = U 1 U 2 , r^e \u 2 \ = k, n 


— _B“| = _ _g«lM2| < 

< |24“1A“2 - yl“2| |_gMi_g«2 _ _g«2| |^«2 _ QU2 


(3.58) 


Corjiacno xeopeMe fl26p . Bepnbi nepanencTBa 

_ ^«2| < ||^«2||^ - S“2| < ||S“^||, 

nooTOMy H3 fl3.58p n h3 HcxnnnocxH Vm G nepanencTBa b 
03.571) cjie^yex nepaBencxBo 

171“ - S“| < \\A^^\\ + ||S“2|| + (3.59) 

Corjiacno xeopeMe |25] n ycjioBHio 03.56p , 
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(3.60) 


• H3 ycjioBHH V x G X > c cjie^yeT cooTHomeHne 

Vu G 

||A“|| < (1 - 2c)^-i < (1 - c)^~^ < f, 

• H3 yCJIOBHH B G Os(A), s G (0, |) H Vx G X A^ > c 
cjie^yeT ycjioBHe Vx G X > |, h 3 Koxoporo cjie^yeT 
cooTHomeHHe 

yuex’^ , . 

||S“|| < (1 - 2 ■ f)^-i = (1 - c)^-i < f. ^ ^ ^ 

H3 fl3.59p . flO.Onp . H fl3.6ip cjie^yeT, hto 

f f = 5i. ■ 

TaKHM o6pa30M, ^jih ^oKaBaTejiBCTBa xeopeMBi [2H] ocxajiocB ^o- 
Ka3axB, Hxo 3^ G (0,min{5i, |}) : Vi? G 0^{A) Bepno fl3.57p . 
Hexpy^Ho flOKa3axB, hxo KajK^on cxpoKH u G X-^ 

3£„>0: VeG (0,£„),V5 G 0,(A) \A^ - B^\ < f. 

(fljia flOKa3axejiBcxBa sxoro cJiaKxa mojkho HcnojiB30BaxB cjie^yio- 
ipee coo6pa>KeHHe: Vx G X o6o3HaHHM chmbojiom Maxpnpy 
nopa^Ka n, 3jieMeHx b cxpoKe i h cxojiGpe j Koxopofi HMeex bh^ 
A^j + flp r^e - pa3JiHHHBie nepeMennBie, h ecjiH u = Xi... Xg, xo 

, xor^a BBipaxceHne | A^ — | onpe^ejinex nenpe- 

pBiBHyio (JiyHKpHio ox nepeMCHHBix t^p 3HaHeHHe Koxopofl paBHo 0 b 
xoM cjiynae Kor^a BHaneHna Bcex nepeivieHHBix paBHBi 0, h x.^.) 
IloCKOJIBKy HHCJIO CXpOK B X-^ KOHeHHO, XO B KaHOCXBe HCKOMO- 

ro e MOJKHO B3axB min{(5i, {u G X-^)}. ■ 

HHJKecjie^yiomaa xeopeMa HBjiaexca ycHJieHneM xeopeMBi 1281 
TeopeMa 29. 

IlycxB 3aflaH BA A = {A^ \ x G X}, A), h 

3/:VmgX^ A“>0. 

Tor^a Va G I{A) A ycxoHHHB oxHocnxejiBHo a. 
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^OKasaTejibCTBO. 

IlycTL. a G Is^A), h \Sa\ = n. 

KaK H B flOKaaaTejiBCTBe xeopeMBi |28l ^oKaaaTejiBCTBa xeo- 
peMbi [2^ nocxaxoHHo ^oKaaaxB, hxo 3^ G (0,(5i), r^e (5i 4;^: 

VSGOe(^), VmgX* \A^-B^\<6i. (3.62) 

Ho npe^nojiojKeHHio, Vm G 3c„ > 0 : > c„. 

Onpe^ejiHM c = min c„. TaKHM o6pa30M, ^ u E > c. 

tiSX* 

BbiGepeM k xax, hxoGbi Gbijio Bepno HepaBencxBo (1 — < y. 

AnajiorHnHo ^oKasaxejiBcxBy xeopeMBi |2S1 ^oKasBiBaioxcH cboh- 
cxBa 


• Vm G X^ ||y4“|| < (1 — H 

• 3e > 0; V5 G 0,(A), Vm G X^^ |A“ - < f, 

H3 KoxopBix cjie^yex fl3.62p . ■ 

Mojkho flOKa3axB, nxo ecjin A = | x G X},A) - BA, 

xo V a G / (A) A ycxoHHHB oxHocnxejiBHo a xor^a h xojibko xor^a, 
Kor^a 35<l:Va:GX || A*|| < 6. 
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FjiaBa 4 


BepOHTHOCTHbie asbiKH 

4.1 noHSTHe BeposTHOCTHoro asbiKa 

IlycTb A - BA, H a G [0,1). 

BepoaTHOCTHbiM asbiKOM (BH) BA A c tohkoh ceaenHa a 
HasbiBaeTca MHoacecTBo cxpoK Aa C X* (r^e X - MHoacecTBo bxo^- 
HBix cHrnajioB A), onpe^ejiaeMoe cjie^yiomHM oCpasoM: 

Aa = {ueX*\fA{u)>a}. 

noHHTHe B5I MOJKex HcnojiB30BaxBca ^jia pemeHna pasananbix 
aa^aa, b aacxHocxn ^aa Mo^eanpoBaHaa npopecca oGyaenaa. O^- 
Ha H3 Mo^eaea oGyaeaaa aMeex cae^yion^aa aa^. Sa^aao Koaea- 
Boe MBoacecxBo S, aaeMeaxbi Koxoporo aaabiBaioxca peaKpaaMH 
aa aeKoxopbia cxaMya, apaaeM Kaac^^aa peaKa;aa s E S paccMaxpa- 
Baexca aa6o Kaa apaBaabaaa, aa6o Kaa aeapaBaaBaaa. OGoaaaaaM 
CBMBoaoM A BeKxop-cxoaGea,, KOMaoaeaxbi Koxoporo aa^^eKcapoBa- 
BBi peaKa;aaMa s E S, apaaeM xe KOMaoaeaxbi A, aa^eKCbi Koxopaix 
aBaaioxca apaBaababiMa peaKa;aaMa, paBBBi 1, a ocxaabBBie kombo- 
aeaxBi paBBBi 0. C oGyaaeMoa cacxeMoa b Kaac^bia MOMeax BpeMean 
t = 0,1,... cBaBaao aeKoxopoe pacape^eaeaae ^ E S^, b cooxbcx- 
cxBBB c KoxopbiM oBa peaxBpyex aa cxaMya b sxox MOMeax: ^aa 
Kaacfloro s E S Bepoaxaocxb xoro, axo cacxeMa Bbi^acx peaKa;aio s 
B MOMeax t, paBBa s^. Jds ^aaBbix oape^eaeaaa cae^yex, axo Bepo- 
axBocxB BBi;];aaa apaBaabaoa peaKa;aa b momobx t aMeex bb^ ,^A. 
npe;];aoaaraexca, axo Ba^aao Koaeaaoe MaoacecxBO {A^ | a; G X} 
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o6yHaK)iij,Hx onepaxopoB, KajK^bifi hs Koxoptix HBjiHexcH cxoxa- 
cxHHecKOH MaxpnpeH nopa^Ka liSI h onpe^ejinex HSMeHenne peaxpHn 
CHCxeML.1 Ha cxHMyji no cjie^yiomeMy npaBHjiy: ecjiH 

• B xeKy m nn mombhx BpeMenn CHCxeMa pearnpoBajia na cxHMyji 
B cooxBexcxBHH c pacHpe^ejieHHeM ^ G S^, h 

• B 3XOX MOMenx Ghiji npHMeHen oGynaion^HH onepaxop 

xo B cjie^yiomHH MOMenx BpeMenn cHcxeMa Gy^ex pearnpoBaxB na 
cxHMyji B cooxBexcxBHH c pacnpe^ejieHHeM TaKHM oGpasoM, 

nyxeM npHMeneHHH k oGynaeMofi cncxeMe oGynaiomHx onepaxopoB 
MOJKHO ^oGhXBCH H3MeHeHHH BepOHXHOCXH HpaBHJIBHOH pcaKpHH Ha 
cxHMyji. CncxeMa cHHxaexcn oSynenHoft b neKoxopoH momchx Bpe- 
MCHH, eCJIH BepOHXHOCXB XOXO, HXO OHa BBI^aCX B 3XOX MOMBHX Hpa- 
BHjiBHyio peaKpHK) Ha cxHMyji, npeBBimaex neKoxopoe sa^aHHoe ana- 
neHHe a G [0,1). 0;];Ha h3 aa^an, cBHaaHHBix c oGynenneM, HMeex 
cjie^yion^HH bh^: aa^ano nanajiBHoe pacnpe^ejieHHe G xpe- 
GyexcH onncaxH Bce nocjie^oBaxejiBHocxH {A^^, ..., A^’') oGynaion^Hx 
onepaxopoB, KaJK^an h 3 Koxopwx oOjia^aex n.TTenyTO TTT HM cbohcxbom: 
Hocjie Hocjie^oBaxejiBHoro npHMeneHHH onepaxopoB, bxo^hh^hx b 
3xy Hocjie^oBaxejiBHocxB, cHcxeMa cxanex oGynennoH. Hexpy^no bh- 
^exB, HXO Kanc^an xanan nocjie^oBaxejiBHocxB cooxBexcxByex cxpoKe 
Xi... Xn ^ X*, xaKOH, HXO A^'^ ... A^'^X > a, x.e. cxpoKe h3 B5I Aa, 
r^e A = I X G X}, A). 


4.2 CBOHCTBa BepOSTHOCTHBIX SSblKOB 


TeopeMa 30. 

IlycxB A = {A^ I X G X}, A) - BA, h a G [0,1). 

Tor^a Aa = Ba, r^e BA B HMeex bh^ 


B 


(ei. 


0 

0 A^ 


A 




r^e Cl - BeKxop-cxpoKa ^jihhbi IA^I + 1, y Koxopofi nepBan komho- 
HeHxa paBHa 1, a ocxajiBHBie KOMnoHenxBi paBHBi 0, h 0 - Benxop- 
cxojiGen; ^jihhbi \Sa\, Bce KOMHOHenxBi Koxoporo paBHBi 0. 
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^OKasaTejibCTBO. 

Hexpy^Ho flOKaaaxb, hxo Vm G X* \ {e} 

oxKy^a cjie^yex paBencxBo fA = fB-^ 


0 \ 

0 J’ 


TeopeMa 31. 

IlycxB aa^an BA A = {A* | a; G X}, A), r^e KajK^aa komho- 

HBHxa Xj BBKxopa A npHHa^jiejKHx oxpesKy [0,1], h a G [0,1). 

Tor^a Aa = Ba, r^e B = \ x G X},Ab), \Sb\ = 2|5'a|, h 

• nojiynaexcH hs flo6aBjieHHeM 0 nocjie KajK^ofi KOMnonen- 

XBI, 


• Vx G X Maxpnpa B^ nojiynaexcH hs MaxpnpBi A^ aaMenoH 


KajK^oro ee sjieMenxa A®- na Maxpnpy 


\,Af, (1 - 'l 

\,Af, (l-A)AfJ' 


• As = (10 ... 10) 


^OKasaxejibCTBO. 

Hexpy^Ho ^OKaaaxB, hxo Vm G X* \ {e} Maxpnpa 5“ nojiynaex- 
CH H3 MaxpnpBi A“ aaMenoH Kaac^oro ee sjieMenxa A“. na Maxpnpy 

( (1 - a,)ai«. 

(1 - A,)A". 


, oxKy^a cjie^yex paBencxBo fA = fB- 


TeopeMa 32. 

IlycxB A - BA, H a, 6 G [0,1). Tor^a 3 BA B : 


Aa = Bb. 


(4.1) 


^OKasaxejiBCTBO. 

IlycxB BA A HMeex bh^i; (,^) 4 , {A® | a; G X}, Aa). 

PaccMoxpHM ox^ejiBHo cjiynan b < a n b > a. 

• Ecjih b < a, to b = aa, r^e a G [0,1). 

B 3 XOM cjiynae \Sb\ = 2|S'a|, h KOMnoHenxBi ^^,B^,\b hcko- 
Moro BA B HMeiox cjie^yiomHH bh^: 

— ^B — ('Ca)0)i 0 - BeKxop-cxpoKa ;];jihhbi [AaI, Bce 

KOMnoHenxBi Koxoporo paBHBi 0, 
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- Va: e X B^ = 


aA^ (1 
aA^ (1 


a)A^ \ 
a)A^ J’ 


- 


Aa 

0 


r^e 0 


BeKTop-CTOAGen, ^ahhbi \Sa\, Bce 


KOMnOHeHTL.1 KOTOpOrO paBHL.1 0. 


Hexpy^Ho ^OKaaaTb, hto 
VM eX*\{£} 


aA^ (1 - a)A^ \ 

aA^ (1 - a)A^ J ’ 


OTKy^a CAe^yex, hxo Vm e X* /^(m) = afA{u) = ^/a(m)- 
Hs nocAe^Hero cooxHomenHA cjie^yex (mii^ 


• Ecjih b > a, to b = a + {1 — a)a, r^e a G (0,1). 

B 3XOM cjiynae \Sb\ = 1 + |5'a|, h KOMnoHenxBi ^'^,B^,Xb 
HCKOMoro BA B HMeiox cjie^yiomHH bh^: 


- ^B = («, ( 1 -«)^ a )) 

- Vx e X B^ = ( i 


0 

AX 



Hexpy^Ho ^OKaaaxb, hxo Vu E X* 


fB{u) = a + (1 - a)fA{u) = fzf + y^fA{u), 


oxKy^a cjie^yex (!1 I]).b 


4.3 ^3biKH, npe/i,CTaBHMbie BepoaxHOCTHbi- 
MH aBTOMaTaMH o6iii,ero BH^a 

IlycxB A = (X, Y, S, P, - BA o6iri;ero BH^a, y E Y, -a a E [0, !)• 

06o3HaHHM SanHCBK) Ay^a MHOJKeCXBO 

Ay^a = {ux\ueX*,xeX, i^A^A^H > a}, 
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r^e = J2 A^’^. 

vGY* 

Ecjih cTpoKa u G X* HMeex bh^i; xq ... Xk-i, to aHaHenne ^^A^A^^I 
MOJKHO HHTepnpeTHpOBaXb KaK BepOHTHOCXB xoro, HXO eCJIH 

• B MOMeHXBi BpeMCHH — Ina bxo^ A nocjie^oBaxejiB- 

Ho nocxynajiH sjieMeHXBi cxpoKH u (x.e. b momcht 0 nocxynnji 
CHXHajI Xo, B MOMeHT 1 HOCXynHJI CHXHajI Xi, ..B MOMenX 
k — 1 nocxynnji CHrnaji Xk-i), h 

• B MOMenx k nocxynnji CHrnaji x, 

TO B MOMenx BpeMeHH k bbixo^hbih cnmaji A paBen y. 

TaKHM oGpaSOM, MHOJKOCTBO Ay^a MOJKHO HHXepnpeXHpOBaXB KaK 
coBOKynHocxB Bcex cxpoK u G X* \ {e}, oGjia^aroipHx cjie^yiomHM 
cbohcxbom: BeponxHocxB xoro, nxo 

• ecjiH, HanHHan c MOMenxa 0, na bxo^ A nocjie^oBaxejiBHo no- 
cxynajiH ojieMeHXBi cxpoKH u 

• TO npn nonane na bxo^ A nocjie^Hero bxo^^hoxo cnxHajia ns u 
BBIXO^HOH CHXHajI A B 3XOT MOMCHX BpeMCHH paBCH I/, 

6ojibme a. 

MnoHcecTBo Ay^a HasBiBaexcH hshikom, npeflcxaBHMMM BA 
o6iij,ero BH^a A bbixo^hbim cHXHajioM y h xohkoh ceneHna a. 


TeopeMa 33. 

IlycTB A = (X, X, S, P, - BA oGipero BH^a, y G X, h a G [0,1). 
Tor^a Ay^a = Ba\ r^e B - BA BH^a 


B= {e,o),{ 


j E A^y' A^y 

y'¥=y 

E A^y' A^y 

\ y'^y 


X G X}, (0,1) 


r^e 0 H 1 - BeKxop-cxpoKH ^jihhbi \Sa\, Bce KOMnoHeHXBi Koxopnix 
paBHBI 0 H 1, COOXBeXCTBeHHO. 


^OKaaaxejiBCTBO. 
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Hexpy^Ho flOKaaaxb, hxo 


Vm e X*, Vx e X 
oxKy^a cjie^yex cooxHomeHHe 


f A^y' A^A^y 

y'¥^y 

E A^y' A'^A^y 

\ y'¥=y 


Wue X*,Wx e X fsinx) = i'^A^A^yi, 




Koxopoe Bjienex ^oKasbiBaeMoe yxBepac^eHHe. ■ 


4.4 PeryjiapHOCTb BepoaxHOCTHbix asbiKOB 

4.4.1 IloHHTHe peryjiapHoro asbiKa 

PeryjiapHbiii astiK na^ KoneHHBiM MHOJKecxBOM X - 3xo ho^mho- 
jKecxBo U C X*, xaKoe, hxo cyipecxByex aaxoMax Mypa M BH^a 
fll.6p . y^oBjiexBopjnoipHH ycjiOBHHM: 

1^1 <CX), X = {0,1}, U = {ueX*\fMiu) = l}. (4.2) 

BecoM peryjiapHoro asBiKa U nasBiBaexca naHMenBinee hhcjio 
n, xaKoe, hxo 3 aaxoMax Mypa M BH^a xaKOH, Hxo [S'! = n H 

BBinojiHeHBi ycjioBHH fl4.2p . Mbi Gy^eM oGosHanaxB Bee peryjiHpnoro 
33BiKa U aanncBio w{U). 

Mojkho flOKaaaxB, hxo jiioGoro jisBiKa U C X* cjie^yiomHe 

yxBepjK^eHHH SKBHBajienxHBi; 

• 33BIK U 5iBjiHexc3 pexyjiapHBiM, 

• HHCJIO KJiaCCOB 3 KBHBajieHXHOCXH ~ Ha MHOJKeCXBe X*, onpe- 
^ejiHeMOH cjie^yiomHM o 6 pa 30 M: Vm, m' G X* 

u u' y V e X* {uv e U ^ u'v e U) (4.3) 

HBJiaeXCH KOHeHHBIM, 

H ecjiH U peryjiHpeH, xo w{U) coBna4,aex c hhcjiom KjiaccoB 3 KBHBa- 
JieHXHOCXH ~ . 

u 

TeopeMa 34 . 
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IlycTL. X - KOHeHHoe MHoacecTBo, nU X* - peryjiapHbifl aat-iK. 
Tor^a U - B5I. 

^OKasaTejifcCTBO. 

IlycTt. M = (X, {0, 1}, S', 5, A, s°) - aBTOMax Mypa xaKOH, hxo 
U = { uex *\ fMiu ) = 1}. 

06o3HaHHM sanHCBK) M BA | x G X},A), MHOJKecxBo 

cocxoHHHH H oxo6pa>KeHHe A Koxoporo coBna^aiox c cooxBexcxByio- 
ipHMH KOMnoHenxaMH aBxoMaxa M, h 


Vx G X,Vs,s' G S 



1, ecjiH 5(s, x) = s', 
0, HHane. 


Hexpy^Ho ^OKaaaxB, hxo U = Mq. ■ 


4.4.2 MsojiHpoBaHHbie tohkh ceneHna 

IlycxB aa^an BA A = {A^ | x G X}, A). 

Hhcjio a G [0,1) HasBiBaexca HSOJinpoBaHHoft tohkoh cene- 
HHa (HTC) flji3 BA A, ecjiH 3 5 > 0: 

VmgX* \fA{u)-a\>6. (4.4) 

KajK^oro BA A h KajK^oro 5 > 0 aanncB Is{A) oGoaHanaex 

coBOKynnocxB Bcex HTC a A, o6jiaflaioiri;Hx cbohcxbom fl4.4p . 

SanncB I {A) o6o3HaHaex MHoacecxBo (J h{A). 

< 5>0 

Mojkho ^OKaaaxb, hxo npoGjieMa BBiacHenna hcxhhhocxh yxBep- 
a & I (A) (r^e a h Bce HHCJienHBie 3HaHeHHH BA A - papn- 
OHajiBHBie HHCJia) ajiropnxMHHecKH nepaapeniKMa. 

TeopeMa 35. 

HycxB aapan BA A = | x G X},A), rpe A G [0,1]", 

n = |S'a|, h 3^ > 0 : a G h{A). 

Torpa Aa - peryjiapHBiH 5I3 bik, h 

w{Aa) < (1 + (4.5) 


^OKaaaTejibCTBO. 


78 


06o3HaHHM CHMBOJIOM R MHOJKecTBo, coflepjKamee no o^noMy 
npe^cTaBHTejiio Kanc^oro Kjiacca oKBHBajienTHocTH ~ . Ha onpe^e- 

jiennn R cjie^yeT, nxo \/ u,u' E U, u ^ u' ^ 3 v E X*: 

UV E Aa ^ u'v E Aa- (4.6) 

T.k. a E Is{A), TO H3 fl4.6p n fl4.4ll cjie^yex nepaBencxBo 
\fA{uv) - fA{u'v)\ > 2S, 


x.e. 

- A'^’)A^\\ > 25. (4.7) 

HocKOJiBKy A'^I = J H A G [0,1]", xo A' H’^A G [0,1]"^. 

Mojkho flOKaaaxB, nxo cymecxByex nacxHnnan (JiyHKpHn Voln-i 
c neoxpnpaxejiBHBiMH ananennaMn na no^MHoaceoxBax MHOJKecxBa 
R"", naBBiBaeMan n — 1—MepHbiM o6x.eMOM, n oGjia^aion^an cjie^y- 
lOniHMH CBOHCXBaMH: 

• ananenne Vb/„_i({l,... ,n}^) onpe^ejieno n nojiojKHxejiBHo, 
(o6o3HanHM sxo ananenne chmbojiom C) 

• ecjiH Voln-i{M) onpe^ejieno, xo Vx = (xi,... ,x„) G R" 

Ho/„_i(x + M) = Ho/„_i(M), 

r^e X + M‘^= {{xi + yi,... ,Xn + Vn) \ (l/i, • • • ,2/n) e M}, 

• ecjiH Voln-i{M) onpe^ejieno, to Vc? > 0 

Voln-i{dM) = d^-^Voln{M), 

r^e dM {{dxi, . .., dxn) \ (xi,..., x„) G M}, 

• ecjiH Voln-i{M) H Voln-i{M') onpe^ejicHBi, n M fl M' = 0, 
xo 

Voln-l{M U M’) = Voln-i{M) + Voln-liM'), 

• ecjiH Voln-i{M) H Voln-i{M') onpe^ejicHBi, n M C M', xo 

V0ln-l{M) < V0ln-l{M'). 
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BBe^eM cjie^yiomHe oGosHaneHHH: nycxL. d > 0 h -u G -R, xor^a 
aanncH h oGosHanaiox MHOJKecxBo d{l ,..., n}'^ h 
cooxBexcxBeHHo. Ha cKaaaHHoro BBime cjie^yex, hxo 

Vd > 0 Voln-i{Ad) = Fo/„_i(A“) = (T-^C. (4.8) 

Hexpy^HO bh^bxb, hxo 

(A) yu ^ R Ag C Ai+ 5 , x.k. ecjiH x G A^ = + A^, xo 

X = + 5y, r^e y G Ai. 

Bee KOMnoHenxBi y HeoxpnpaxejiBHBi n yl = 1, noaxoMy Bce 
KOMnoHenxBi x HeoxpnpaxejiBHBi h 

xl = + 5y) I = + 5yl = 1 + 5, 

oxKy^a cjie^yex, hxo x G Ai^^. 

(B) yu,u' E R, u u' A^nA^' = 0, X.K. ecjin 3x E A^flA^', 
xo 3y,zE Ap 

f = + 6y, x = (4.9) 

Ha fl4.9p cjie^yex, hxo ^°(H“ — A^') = 5{z — y), oxxy^a na 
ocHOBaHHH fl4.7p nojiynaeM: \5{z — y)\'\ > 26, hjih 

|(z-f)A'| >2, r^e A'G [0,1]". (4.10) 

Ecjih 2*= {zi,...,Zn),y= {yi,...,yn)A' = (A'i,...,A;)~, xo 

n n 

\{z-y)X’\ = I T,(,Zi-yi)K\ < E \+-yi\K < 

i=l i=l 

< E ki - 2/il < E + E 1/i = 2, 

i=l 2=1 2=1 

Hxo npoxHBopeHHX cooxHomeHHio fl4.10p . 

Ha (A), (B) H Ha nepenHCJieHHBix BBime cbohcxb (|)yHKn,HH Voln-i 
cjie^yex, hxo ecjiH R co^epjKHx k sjieMenxoB ui,... ,Uk, xo 

k 

^ V0ln-l{A^i) < V0ln-l{A,+s), 

2=1 
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OTKy^a, BBH^y fl4.8p . cjie^yeT nepaBencTBo 


k5^-^C < (1 + 5Y-^C, 


KOTopoe 3KBHBajieHTHo HepaBeHCTBy < (1 +1)” OTKy^a cjie^yeT 
peryjiapHocTB Aa h nepaBencTBo fl4.5p . ■ 

Cjie^yiomaH xeopeMa noKasBiBaex, hxo b BA orpaHHHeHHoro paa- 
Mepa MOJKHO npe^cxaBjiaxB ckojib yro^no cjioJKHBie peryjiapHBie hsbi- 
KH. 


TeopeMa 36. 

riycxB A = {A^ I X e X}, A) - BA, r^e 


15^1 = 2, X = {0,2}, eo = (l 0), 



H Vn > 1 ttn - HHCJio H3 (0,1), HMeiOTpee B xpoHHHOH aanncH bh^ 

0.2 ... 211 (KOJiHHecxBo ^bobk = tt, — 1). 

Tor^a Vn > 1 a„ G I{A) h w{Aa^) > n. 

^OKasaxejifcCTBO. 

HH^^yKpneH no ^Jinne cxpoKH u G X* ^OKaawBaexcn, nxo ecjin u 
HMeex BHfl Xi .. .Xk, xo /^(n) = O.a:*,...Xi (b xponnHon aanncn). 

OGoananHM chmbojiom D xonojiornnecKoe aaMbiKanne mhojko- 
cxBa {/^(m) I u G X*}. MnojKecxBo D nasBiBaexcH KaHxopoBbiM 
flHCKOHTHHyyMOM. Hexpy^Ho flOKaaaxb, nxo [0,1] \ H C I {A). 

Ha onpeflejiennn a„ cjie^yex, nxo an < Ja^u) ^ u = Ui2 ... 2 
(KOJinnecxBO ^book > n), noaxoMy ecjin u G xo |m| > n, oxKy^a 
cjie^yex cbohcxbo w{Aa^) > n. ■ 

HnjKecjie^yioman xeopeMa HBjinexcn oGoOmenneM xeopeMw |35l 

TeopeMa 37. 

HycxB M - aBxoMax Mypa Bn^a (X, {0,1}, S', A, s°), npnneM 
S - KOMnaKXHoe MexpnnecKoe npocxpancxBo c MexpnKon p, xanon, 
nxo p;ji3 jiioGon napti si,S 2 p;ocxH>KHMbix cocxo3hhh aBxoMaxa M 


81 




BbinojiHeHM ycjiOBHa: 

VxeX p(sia;, S 2 a;) < p(si, S 2 ), (4-11) 

3(5>0: A(si) 7 ^ A(s 2 ) p(si,S2)><5. (4-12) 

Tor 7 i;a hsbik U {u G X* \ fM{u) = 1} peryjiapen, h w{U) 
He npeBocxo7i;HT hhcjib 3jieMeHTOB b MHHHMajiBHOM (no HHCJiy 3Jie- 
mchtob) noKpniTHH MHOJKecTBa S oTKpniTBiMH mapaMH pa^Hyca 6/2. 


^OKasaTejiBCTBO. 

06o3HaHHM CHMBOJIOM R MHOJKecTBo, coflepjKamee no o 7 i,HOMy 
npe7i,CTaBHTejno Kanyri;oro Kjiacca OKBHBajienTHOCTH ~ . Ha fl4.12p n 

fH.lip cjie^yeT, nxo Vm, m' G -R: m 7 ^ m' 3 n G X* : 

5 < p{s^uv, s^u'v) < (4.13) 

HycTB C - MHHHMajiBHoe (no nncjiy ojieMeHxoB) Konennoe noKpni- 
xne S oxKpnixBiMH mapaMH pa^nyca 6/2. Ecjih u,u' - pasjinnnBie 
ojieMenxBi R, xo h3 fl4.13p cjie^yex, nxo s^u n s^u' ne Moryx nonacxn 
B o^HH H xox jKe map na C, nooxoMy \R\ < |C|. ■ 


TeopeMa 1351 gBjmexcn cjie^cxBneM xeopeMBi[271 x.k. ecjin aa^anni 
BA A = (^°, {A^ I X G X}, A) H HHCJio a G [0,1), y 7 i,oBjiexBop 5 Hom;He 
ycjiOBHHM xeopeMBi |35l xo, nojiaran 


M"Af(x,{ 0 ,l},S^, 5 ,AM,a, 


r^e ^(^,x) = Am(0 



1 , 

0 , 


ecjiH > a, 
nnane, 


nojiynaeM: 


Vm G X* u e Aa ^ Im^u) = 1. 

MnoJKecxBO najmexcn KOMnaKxnniM MexpHnecKHM npocxpancxBOM 
OXHOCHXejIBHO MexpHKH 


p{x, y) = max \xi - y/, (4.14) 

2=1...n 

X.K. OHO HBjiHexcH oxpaHHHeHHBiM HOflMHOJKecxBOM R". Hexpy 7 i;Ho 
flOKaaaxB, nxo ^jih jhoGoh napni si,S 2 ^ocxhjkhmbix cocxohhhh an- 
xoMaxa M ycjioBHH fl4.1ip h fl4.12p BBinojiHeHBi. 
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Cjie^yiomaH xeopeMa xaKJKe aejiHexcH cjie^cxBHeM xeopeMbi 1571 
TeopeMa 38. 

Ilycxt. M - aBxoMax Mypa BH^a 

r^e |X| < oo, H fljia jnoGoii napBi si,S 2 ^ocxhjkhmbix cocxojihhh 
aBxoMaxa M BBinojinenBi ycjioBHH fl4.11l) h fl4.12p . r^e Mexpaxa p 
onpe^ejiaexca cooxHomeHneM (14.141) . 

Tor^a H3BIK t/ {m G X* | /m(m) = 1} peryjiapen, h 

w(?7) < rflem=]|[- (4-15) 

^OKasaxejifcCTBO. 

PeryjiapHocxB U Henocpe^cxBeHHo cjie^yex h 3 xeopeMBi [371 

flOKa3axejiBcxBa HepaBencxBa (I4.15p onpe^ejiHM noKpBixne 
MHOJKecxBa {1,... , n}^ oxkpbixbimh inapaMH pa^nyca ^ (hockojib- 
Ky ^ xo, corjiacHo xeopeMe [371 w{U) ne npcBocxo^Hx nncjia 

3JieMeHXOB B 9XOM HOKpBIXHH). 

06o3HaHHM 3anHCBio coBOKynnocxB xonex {1,..., n}^, hmc- 
roipHx BHfl ..., r^e ki,... ,kn - HeoxpnpaxejiBHBie pejiBie 
HHCJia, cyMMa KoxopBix paBHa m. Hexpy^no BH^exB, hxo 

Vf e {l,...,n}^ 3y e : p{x,y) < ^ 

(ecjiH X = (xi,X 2 ,...), TO p = {]ximl]{xi + X 2 )m[-]ximl...)), 
noaxoMy MHoaceoxBO oxKpBixBix mapoB pa^nyca — c penxpaMH b 
xoHKax H3 jiBjiaexca noKpBixneM MHoacecxBa {1,..., n}^. Hhcjio 
ajieMenxoB b 3xom hokpbixhh paBHo |F^| = ■ 

4.5 ^e4)HHHTHbie hsmkh 

IlycxB Ba^ano KOHennoe MHOJKecxBo X. 

Mbi 6yfleM HcnojiB30BaxB cjie^yiomHe o6o3HaHeHH5i. 

• VS' C X*, Vfc > 0 3anHCH Sk, S>k, h x.^. oGoBHanaiox MHoxce- 
cxBa S n X^, S n X-^, h x.^., cooxBexcxBeHHo. 
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• WSi, S2 C X* aanncH Si + S 2 Si ■ S 2 (xoHKa b 3toh aanncH 
oGbihho onycKaexca) oGosHanaiox MHoacecxBa 

S'! U 5*2 H {uv I M G S'!, U G S' 2 } 

COOXBeXCXBeHHO. 

S C X* HasBiBaexcH flecJjHHHXHbiM asfciKOM (^H), ecjiH 

3k>0: S>k = X*-Sk. 

TeopeMa 39. 

IlycxB aa^an BA A = (^°, {A^ I x G X}, A), h Vx G X > 0. 
TorflaVaG/(A) Aa - 

^OKasaxejifcCTBO. 

Ho npe^nojiojKeHHio, 3 c>0;VxgX A*>c, h3^>0; 

VmgX* \fA{u)-a\>6. (4.16) 

BbiGepeM k: (1 — 2c)^~^ < r^e n = 15^1. 

Ho xeopeMe |25l 

Vm G X^ ||A“|| < (1 - 2cf-^ < (4.17) 

Vm G X^ Vx G X* 

\fA{vu) - /a(m)| = - ^°A“A| = |^°(A’'“ - A“)A| < 

< |A^“ - A“| ■ n • |A| = |AM“ - A“| • n ■ |A| < ||A“|| • n ■ |A| < 26. 

(npe^nocjie^Hee HepaBencxBo Bepno no xeopeMe [261 a nocjie^nee - 
corjiacHo (14.17^ 7 TaKHM o6pa30M, 

Vm G X^ Vx G X* \fA{vu) - fA{u)\ < 26. (4.18) 

AoKaaceM, nxo {Aa)>k = X* • {Aa)k, T.e. Vm G X^, Vx G X* 

VU E Aa ^ U E Aa. (4.19) 

Ecjih fljin neKoxopnix u E X^, v E X* cooxHomenne fl4.19p neaep- 
Ho, xo, corjiacHo onpe^enennio BB A^ n cooxHomennio fl4.16p . 

\fA{vu) - /a(m)| > 2(5 
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HTO npOTHBOpeHHT COOTHOmeHHIO fl4.18p . ■ 


TeopeMa 40. 

IlycTt. BA A = I X G X|, A) - spro^HHHtm. 

Tow VaG/(A) A„-AA. 

^OKasaTejifcCTBO. 

riycTL. a G Is{A), h |S'a| = n. 

Hs opro^HHHocTH A cjie^yeT, hto ||A“|| —)■ 0 npn !«! — )■ oo, no- 


OTOMy 3 k\ 


v«6.y‘ ||/1“||<^. 


OcTaBinaHCJi nacTB ^oKaaaTejiBCTBa coBna^aeT c nacTBio ^oKa- 
saxejiBCTBa xeopeMBi [311 H^ymefi nocjie cooxHomeHHH fl4A7p . ■ 

4.6 ^3biKH, npe/i,CTaBHMbie jiHHeiiHbiMH aB- 
TOMaxaMH 

IlycxB aa^an A A L. Jl,Jis Kaac^oro a G R aanncB La oOoaHanaex 
no^MHOJKecxBo MHOJKecxBa X*, onpe^ejiaeMoe cjie^yiomHM oOpaaoM: 


La = {ueX*\fL{u)>a}. 


(4.20) 


MnojKecxBo fl4.2np naaBiBaexcH asbiKOM, npe^cxaBHMBiM A A L c 
xoHKOH ceHeHHH a. 

TeopeMa 41. 

IlycxB L = {L^^ I X G X}, A) - AA, h a G R. 

Tor^a cyipecxByex BA A BH^a 


(eu{A‘ I X € X},e\), 


(4.21) 


XaKOH, HXO 


|5'a|='^ + 4, La = A^, rflen = dimL. 


n+4 


^OKaaaxejibCTBO. 
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Onpe^ejiHM JIA L' cjie^yiomHM oGpasoM: 


L' = 



0 

0 1 




r^e cHMBOjibi 0 o6o3HaHaioT cxpoxy h cToji6en, cooTBexcTByiomero 
pasMepa c nyjieBBiMH KOMnoHenxaMH. Oxmbxhm, hxo 

• dimL' = dimL + 1 , h 

• /l' — fL ^ La = Lq, 

nosxoMy ^jih ^oKasaxejiBcxBa xeopeMBiUTJ^ocxaxoHHo ^OKaaaxB cjie- 
flyroipee yxBepjK^eHne: Kaac^oro JIA L cyipecxByex BA A BH^a 

04.21 p . xaKOH, Hxo \Sa\ = n + 3 h Lq = r^e n = dimL. 

n+3 

AJia flOKaaaxejiBcxBa sxoro yxBepjK^enHH paccMoxpHM ox^ejiBHo 
cjiynan /l(£) > 0 h /l(£) < 0. IlycxB L = (^°, {L* | x e X}, A). 

• Ecjih /l(£) > 0, xo e G Lq. Onpe^ejiHM (|)yHKn;Hio / G R^* 
cjie^yiomHM odpasoM: 


Vm G X* 



1 , 

fM, 


ecjiH u = e 
HHane. 


06o3HaHHM 3anHCBio Li JIA {Lf | x: G X}, Ai), r^e 

= o)’ ^ ( 1 -/l(£) ) ’ 

r^e cHMBOJiBi 0 o6o3HaHaK)x cxpoxy h cxojiGep cooxBexcxByio- 
ipero pa3Mepa c nyjieBBiMH KOMnoHenxaMH. 

IlycxB P - HeBBipojK^eHHaa Maxpnpa nopa^xa dim Li, nepBBiii 
cxojidep KoxopoH paaen Ai, a ocxajiBHBie cxojidpBi opxoronajiB- 
HBi e?. 

Hexpy^Ho BH^exB, hxo Pe\ = Ai, = ei. 

06o3HaHHM 3anHCBK) L2 JIA (ei, {P~^L^P \ x G X},ei). 
Hexpy^HO BH^exB, hxo = /li- 
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SaxeM L 2 npeoGpaayexcH b hckombih BA A (b cooxBexcxBHH 
c nocxpoenneM, HSJiojKeHHBiM b ^oKasaxejiBcxBe xeopeMbi I^T]) . 
xaKoii, Hxo 3 6 > 0: 


Wuex* fA{u) 


1 , ecjiH u = e, 

HHane. 


• Ecjih /l(£) < 0, xo e ^ Lq. Onpe^ejiHM (|)yHKn;Hio / G 
cjie^yroipHM o6pa30M: 


Vm e X* 



0 , 

fdu), 


ecjiH u = e 
HHane. 


06o3HaHHM 3anHCBio Li JIA {-^T \ ^ ^ -^i)) 


= Ll = 


0 

0 0 


Ai = 



IlycxB P - HeBBipojK^eHHaji Maxpnpa nopa^xa dim Li, nepBBiii 
cxojidep Koxopoil paaen Ai, ace cxojidpai xpoMe nocjie^Hero 
opxoronajiBHBi h = 1, r^e n = dimL h Pn+i ^ 

nocjie^HHii cxojiGen; P. 

Hexpy^Ho an^exa, hxo Pe\ = Ai, = e„+i. 

06o3HaHHM 3anHCBK) L 2 JIA (Cn+l, {P~^LfP I X G X},e\). 
Hexpy^HO an^exa, hxo = /li- 

SaxeM L 2 npeo6pa3yexc5i a hckombih BA A (a cooxaexcxBHH 
c HocxpoeHHeM, H3Jio>KeHHaiM a flOKaaaxejiacxae xeopeMbi [2T|) . 
xaKOH, Hxo 3 6 > 0: 


Wuex* fA{u) 


0 , ecjiH u = e, 

6I“I+Vl2(«) + ™aHe. ■ 


TeopeMa 42. 

Ilycxa X - KOHeHHoe MHOHcecxBo, h S' C X*. 
Cjie^yiomHe ycjioBHH sKBHaajieHXHbi: 

• S -BA, 
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• 3 JIAO f e 3a e R: S = fa = {u e X* \ f{u) > a}, 

• 3 JIAO / e R^‘ : A = /o. 

B flOKasaTejibCTBe 3 toh TeopeMti Hcnojit-ayeTca yxBepjK^eHHe h 3 
rjiaBBi [SI HTo ecjiH / - JIAO hogR, to/ — a - JIAO. ■ 




Ajire6paHHecKHe Bonpocbi 

TeopHH JIHHettHbIX aBTOMaXOB 


B 3TOH rjiaBe mbi paccMaxpHBaeM neKoxopBie ajire6paHHecKHe bo- 
npocBi, oxHocamHeca k jiHHefiHBiM aBxoMaMaM h cBaaanHBiM c hhmh 
(JiyHKpHHM Ha cxpoKax. Maxepnaji sxoh xjiaBBi 6yflex HcnojiBsoBaxB- 
CH B HOCJie^yiOmHX HaCXHX. 

5.1 AjireSpaHHecKHG CBoiiCTBa MHo:acecTBa 
(J)yHKIJ,HH Ha CTpoKax 

riycxB sa^aHo KOHennoe MHOJKecxBo X. 

B nyHKxe 11.2.21 6 bijio BBe^eno nonaxHe cJiyHKpHH na cxpoKax h 3 
X*, H Ha MHOJKecxBe R^* xaKHx cJ^ynKpHii 6 bijih onpe^ejieHBi ajireG- 
paHHecKHe onepapHH cyMMBi, paanocxH, h yMHOHceHHH na HHCJia h 3 
R (cOOXHOmeHHHMH fll.4p H fll.Sp B 

Onpe^ejiHM ^pyrne ajireGpaHHecKHe onepapHH na R^* 

• 4 )yHKH,HH /i, /2 G R^* HX npOH 3 Be/I,eHHe / 1/2 H CBepX- 

Ka /i o /2 onpe^ejiHioxcH cjie^yioniHM o6pa30M: 



(5.1) 
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• JXjIS KaJK^OH 4 )yHKIl,HH / G HHBepTHpOBaHHe / onpe- 

flejiaeTca cjie^yiomHM o 6 pa 30 M: Vm G X* f{u) /(«)• 

KajK^oro no^MHOJKecTBa S C X* mbi Gy^eM oGosHanaTt 
aanncBio xs xapaKTepHCTHHecKyio cjDyHKpHio 3Toro no^MHoacecTBa, 
T.e. (JiyHKpHio H3 R^*, KOTopaa oxoGpajKaex KajK^Biil sjieMenx h 3 S 
B 1, H BCe OCXajIBHBie 3JieMeHXBI H3 S' - B 0. EcJIH MHOJKeCXBO S Oflr 
H03JieMeHXH0 H HMeex BHfl {s}, xo MBi Gy^eM oGo3HaHaxB cJiyHKpHio 
Gojiee KopoxKofi 3anHCBio Xs- 

TeopeMa 43. 

MnojKecxBo R'’^-* aBjiaexcH kojibpom, b KoxopoM cyMMa 3JieMeH- 
xoB onpe^ejiaexca nepBBiM cooxHomenHeM b f|1.4l) a b KanecxBe yMHo- 
jKeHHJi BBicxynaex onepapHH cBepxKH. OyHKpHH Xe HBjiaexca e^n- 
HHpeii 3X0X0 KojiBpa. 

^OKaaaTejifcCTBO. 

AccopnaxHBHocxB cBepxKH cjie^yex h 3 xoro, hxo V/ 1,/2,/3 G 
R^* H Vm G X* 3HaHeHHSI ((/i O /s) O /3 )(m) H (/i o (/2 O /3 ))(m) 
paBHBI 3HaHeHHIO BBipaJKeHHH 

fl{ui)f2{u2)Mu3). 

UlU2UZ = U 

H, cjie^oBaxejiBHo, cJiyHKpHH (/i o /2) ° /3 H /i ° (/2 ° /s) coBna^aiox. 

OcxajiBHBie cBOHCxBa KOJiBpa R^* ycxanaBjiKBaioxcH neno- 
cpe^cxBeHHOH npoBepKOH. ■ 

TeopeMa 44. 

Ecjih / G R^* H /(e) 7^ 0, xo cyipecxByex e7i;HHcxBeHHaH (|)yHK- 
pHH g G R^*, y^OBjiexBopjiiomaa ycjiOBHio 

f°9 = 9°f = Xe- (5.2) 

/](OKa3aTejIBCTBO. 

fl5.2p 3KBHBajieHXHO kohx.iohkii;hh cjie^yiomHX cooxHomeHHfi: 
f{e)g{e) = 1 , 

VxgX f{e)g{x) + f{x)g{e) = 0, 

Vxi,X2eX f{e)g{xiX2) + f{xi)g{x2)+ (5.3) 

+f{xiX2)g{e) = 0 , 

H X.fl. 
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Onpe^ejiHM cJiyHKpHio g G hh^yktheho cjie^yiomHM oGpaaoM: 
yxeX g{x) = -{f{e))-^f{x)g{e), 

V xi, X2^X g{xiX2) -{f{e))-^{f{xi)g{x2) + f{xiX2)g{e)), 

H T.fl. 

Hexpy^Ho BH^ext, hxo onpe^ejieHHaa xaKHM o6pa30M cJiyHKpHJi g 
HBjiaexca e^HHcxBeHHofi cj^ynKpHeii, ypoBjiexBopjiioipeH cooxHome- 
HHHM 05.31) . ■ 

Mbi 6 ypeM HcnojiBsoBaxB cjiepyiomHe oGoaHaneHHH. 

• OyHKpHio g, ypoBjiexBopjHoipyio ycjioBHio 05. 2p . mbi 6 ypeM 060 - 
ananaxB sanncBio 

• Ecjih / G R^* H A; > 1, xo aaniicB f°^ oGosHanaex 

— (JiyHKpmo /, ecjiH fc = 1, ii 

— (JiyHKpHio o /, ecjiH k > 1. 

JleMMa. 

Ecjih f{e) = 0 h m G xo f°^{u) = 0. 

^OKasaTejiBCTBO. 

Hexpypno BHpexB, hxo f°^{u) paBHo cyMMe 

H f{ui) ...f{uk). (5.4) 

Ul...Uk=U 

Kancpoe cjiaracMoe b (IS3D paBHo 0, x.K. ecjiH ui... Uk = u r \u\ < k, 
xo3i G : Ui = e, oxKypa no npepnojiojKeHHio cjiepyex, nxo 

f{ui) = f{e) = 0. ■ 

Ecjih cJiyHKpHH / G R^* xaKOBa, nxo f{e) = 0, xo aanncB 

k>l 

o6o3HaHaex cJiyHKpHio h 3 R^ , 3HaHeHHe Koxopofl na Kancpofl cxpo- 
Ke M G X* paBHo cyMMc Bcex hhccji BHpa f°^{u), rpe k > 1. H 3 
BBimecKa3aHHoro cjiepyex, nxo jihhib kohchhoc hhcjio hhccji xaKoro 
BHpa 6ypex oxjihhho ox 0. 
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IlyCTL. / G R^* H /(e) 7^ 1. nOCKOJIbKy (|)yHKn;HH Xe ~ f npHHH- 
Maex Ha e aHaneHHe, ne paBHoe 0, to, corjiacHo TeopeMeSU onpe^e- 
jiena cJiyHKpHH {Xe — f)~^ ■ 06o3HaHHM aanHctio /■*“ (JiyHKpHio 

r = iXe - f)-^ - Xs. (5.5) 

Mbi Gy^eM HasbiBaxb (|)yHKn,Hio /■*■ HTepaLi,Heft cJiyHKpHH /. 

TeopeMa 45. 

Ecjih (JiyHKpHH / G R^* xaKOBa, hxo /(e) = 0, xo /■*■ = 

k>l 

/^OKasaxejibCTBO. 

/(oKasbiBaeMoe paBeHcxBo oKBHBajienxHo paBencxBy 

iXe - f)°{Xe + Yl /°^) = Xe, (5.6) 

k>l 

Koxopoe, B CHJiy 7i;HCXpH6yXHBHOCXH CBepXKH OXHOCHXejIbHO CJIOJKe- 
HHH H BbIHHXaHHH, OKBHBajieHXHO paBCHCTBy 

X.-/ + E/°‘-/°E/°‘ = X.- (5.7) 

k>l k>l 

fl5.7p MOJKHO nepenHcaxb b BH7i;e 

k>l k>l 

Hexpy7i;Ho ^OKaaaxb, hxo nocjie^Hee paBencxBo Bepno. ■ 

5.2 OnepaLi,HH na jiHHeiiHbix aBTOMaTax 

Ilycxb sa^aHo KOHennoe mhojkoctbo X. 

B nyHKxe [131 Gbijio BBe^eno noHHxne jiHHeiiHoro aBxoMaxa (JIA) 
Hafl X. Ha MHOJKecxBe Bcex JIA na^ X mojkho onpe^ejiHXb onepa- 
pHH, anajiorHHHbie tom, Koxopbie Gbijih onpe^ejieHbi b nvHKxax 11.2.21 
H 1531 Ha MHOJKecxBe R^ . 

JXjis onpe^ejieHHH oxhx onepapHH mbi Gy^eM HcnojibaoBaxb 
• oGo3HaHeHHH, BBe^eHHbie b nyHKxe 12.1.51 
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a xaKJKe cjie^yiomee o6o3HaHeHHe: ecjin A vi B - MaTpHn;t.i, h 

^ Oil ... ain \ 

. ; TO aanncb A®B oGosHanaeT 

\ • • • ^mn / 


A HMeex BHfl 
Maxpnpy 


/ Oii-B 




\ O-mlB . . . ClrnnB 

Ilycxb Li = I X e X},Ai) (i = 1,2) - JIA na;]; X. 

Onpe^ejiHM hx cyMMy Li + L2, npoHSBefleHHe L1L2 h CBepxKy 
Li o L 2 cjie^yiomHM oGpasoM. 


il + i2"(Kl”.&°),{f f \ X€X}, 


Ai 

A 2 


L1L2 = (^1° ® 6 ", {Lf®L^2\x^ X}, Ai 0 A2). 


r r Isl 

Li o L 2 — 


= ((eAei°M),{( ;r l^ex}, 


Lf LfM 


0^ V 

^0 Lf J ' A 2 

r^e M = Ai.^2°, h 0'*' - BeKxop-cxojiGen; c nyjieBBiMH KOMnoHen- 
xaMH, pasMepHocxB Koxoporo paBna pasMepnocxH Ai. 


IlycxB L = {L^ I X G X}, A) - JIA na^ X, h a G R. Onpe^e- 

jiHM JIA aL, L H L+ (nasBiBaeMBie cooxBexcxBenHo npoHSBeflenH- 
eM a Ha L, HHBepxHpoBaHHeM L h HTepapHefi L) cjie^yiomHM 
o6pa30M: 

• aL {L^ I a; G X}, aA), 

. L"Af(A,{(L-)~|a;GX},a, 

• L+ + A.^°) I X G X},A), r^e E - e^^HHHHHaa 

Maxpnpa. 


TeopeMa 46. 
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1. IlycTb X - KOHeHHoe MHOJKecxBo, h Li, L 2 - JIA na^ X. Tor^a 


/li+L2 — Ili + fhii (5-8) 

/liL2 = /li/l25 (5-9) 

/lioL2 = Ili o /l2- (5.10) 

2. jiio6oro JIA L 

VaeR faL = afL, (5.11) 

h = (hr, (5.12) 

ecjiH fiie) = 0, TO fL+ = (/l)+. (5.13) 


^OKasaTejifcCTBO. 

1. riycTB Li {i = 1, 2) HMeioT bh^ (^°, {Lf \ x & X}, A*). 

(a) fl5.8p flOKasBiBaeTCH Henocpe^cTBenHofi npoBepKofl, c hc- 
nojiBsoBaHHeM xoro, hxo 


(b) 05.91) Henocpe^cxBeHo BBixeKaex h 3 cjie^yiomero yxBep- 
JK^enna: ecjiH MaxpapBi A, B, C, D xaKOBBi, hxo onpe^e- 
jieHBi npoHSBe^eHHH AC h BD, xo Bepno paBenoxBo 


(A ®B){C®D) = {AC) ® {BD). 


(c) AoKaaceM 05.1Up . 

Hexpy^HO ^OKasaxB (MHTTyK Tm ea no |m|), nxo Vm G X* 


(LioL2)“ 


E L^^MLT - ML^ \ 
uiU2=u I (5.14) 

0 i 
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r^e M = Ai.^0- no9TOMy Vm G X 


= (^f, e,M)(L, o L^Y (= 

n . ( i Y. - MLi]X 2 

= {iie,M)[^u,k=u ^ ^ 

y L 2 X 2 

= k{ E -M 1 ^X 2 +kiM 1 ^X 2 

= i\{ E LrMLikx2= E A 2 = 

^ UlU2=U ' UlU2=U 

= E /li(mi)/l2(m2) = (/li O /l2)(«)- 


2. IlycTb L HMeex bh^ {L* | a; G X}, A). 

(a) fl5.1ip flOKasBiBaeTCH Henocpe^cTBenHofi npoBepKofi; 

Vm G X* faiiu) = kL^{a^) = ai^L^X = 

= afL{u) = (afYiu). 


(b) XXjis ^oKaaaTejiBCTBa fl5.12p mbi HcnojiBsyeM yxBepjK^e- 
HHe o xoM, Hxo ecjiH A^B - MaxpnpBi, ^jia KoxopBix onpe- 
^ejieHo npoH3BefleHHe AB, xo (AB)"" = BA: 

Vm G X* fi{u) = XL^k = ~X{Lk^k = 

= (e»L»A)~ = (/i(fi))~ = /L(fi). 


(c) AI,oKa>KeM cooxHomeHHe fl5.13p . x.e. Vm G X* 


fL*(u) = (/l)+(!l). 


(5.15) 


Ecjih u = e, to jieBaH nacxB fl5.15p paana 
/i+(£)= 5 °A = /L(£)= 0 . 

Hexpy^Ho ^oxasaxa, hxo npaBaa nacxB fl5.15p b cjiynae 
u = e xojKe paBHa 0. 

IlycxB u ^ e. PaccMoxpHM o6e nacxH flS.lSp b 3xom cjiy- 
Hae, H ^oKajKeM, hxo ohh coBna^aiox. 
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i. CorjiacHo TeopeMeSSl h3 /l(£) = 
BaH HacTb (15.15p paBHa cyMMe 

paBHa cyMMe 


0 cjie^yeT, hto npa- 

E KOTOpaH 

k>l 


fL{ui)...fL{Uk). (5.16) 

/c > 1, Ui . . .U}^ = u 
Vi G {1, ..., /c} Ui ^ e 

ii. JleBaH nacTB fl5.15p HMeex bh^ 

{E + Ae°)... L^'= (^ + A (5.17) 

r^e u = Xi ... Xk, Vi = 1,..., x* G X. 

T.k. = 0, TO {E + A.^°)A = A, nooTOMy mojkho 
nepenHcaxB fl5.17p b BH^e 

^°L^i(E + A^°)...L^''A. (5.18) 

PacKpoeM Bce ckoGkh fl5.18p . Hexpy^Ho BH^exB, hxo 

KajK^oe cjiaraeMoe b nojiy^HBineilca cyMMe HMeex bh^ 

^°L“iA...^°L“'“A (5.19) 

r^e Ml ... Mfc = M H Vi G {1,..., A;} Ui ^ e. CorjiacHo 
onpe^ejieHHio cJ^yHKpHH fi, fl5.19p coBna^aex c coox- 
BexcxByiomHM cjiaraeMBiM (onpe^ejiHeMBiM xeM ace 
npe^cxaBjieHHeM u b BH^e KOHKaxenapHH HenycxBix 
noflcxpoK ui.. .Uk) B cyMMe fl5.16p . 

TaKHM oGpaaoM, Kanyi^oMy cjiaraeMOMy b pasjiojKeHHH 
BBipaJKeHHH fl5.18p BSaHMHO O^HOSHaHHO COOXBeXCXByeX 
paBHoe eMy cjiaraeMoe b cyMMe fl5.16p . Cjie^oBaxejiBHo, 
3HaHeHHH BBipajKeHHH fl5.18p H fl5.16p coBna^aiox. ■ 


5.3 AjireSpaHHGCKHe CBoiiCTBa MHo:acecT- 
Ba JIHHeilHO-aBTOMaTHblX (J)yHKLI,HH 

IlycxB 3aflaHo KOHennoe MHOHcecxBo X. 

06o3HaHHM CHMBOJIOM MHOJKeCXBO BCeX JIA® H3 R^*. 
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OxMeTHM, HTO Xe ^ i T.K. Xe = II, L - JIA BH^a fll. 7 p 
pasMepHocTH 1 , y Koxoporo = ( 1 ), Wx E X = ( 0 ), A = ( 1 ). 

CorjiacHo BBimecKaaaHHOMy h xeopeMe 031 HBjiaexca kojib- 
poM oxHocHxejiBHo onpepejieHHBix b nyHKxe 11 . 2.21 onepapHH cjiojKe- 
HHH H cBepxKH (paccMaxpHBaeMOH B paHHOM cjiynae xax yMHOJKe- 
HHe). EpHHHpeii 3 xoro KOJiBpa HBjiaexca JIA® Xe- Hnace mbi 6 ypeM 
onycKaxB chmboji cBepxKH o b o 6 o 3 HaHeHHH npoHSBepeHHJi sjieMen- 
xoB KOJiBpa (x.e. pjiH jiioGbix 3 jieMeHxoB a, b KOJiBpa SypeM 
o 6 o 3 HaHaxB hx npoH 3 BepeHHe a ob 3 anHCBio ab). 

06 o 3 HaHHM 3 anHCBio KOJiBpo KBappaxHBix MaxpHu; nopapKa n 
Hap . EpHHHpefi 3 X 0 X 0 KOJiBpa HBjiaexcH pnaroHajiBHaH Maxpnpa 
Eg, Bce KOMHOHeHXBi pnaroHajiH KOXOpOH paBHBI Xe- 

V M G H V M G X* MBI 6ypeM o6o3HaHaxB 3anHCBio M{u) 
Maxpnpy nap R, KaacpaH KOMnonenxa M{u)ij Koxopofi paana 3Ha- 
HeHHK) cooxBexcxByroipeii cJiyHKpHH Mij na cxpoxe u. 

TeopeMa 47. 

IlycxB X - KOHeHHoe mhojkocxbo, h Maxpnpa A G xaKoaa, 

Hxo Maxpnpa A{e) - HyjieBaa. Torpa cyipecxByex Maxpnpa h 3 

o 6 o 3 HaHaeMaH 3 anHCBio A^, pjiH Koxopofl aepno paaenoxBo 

A:>1 

{e,-A){e, + Y.A>^)=E,. ( 5 . 20 ) 

k>l 


^OKasaxejiBCTBO. 

Vm G X*, Vfc > |m| Maxpnpa A^{u) HBjiHexcH HyjieBOH, x.k. Kaxc- 
paH KOMHOHeHxa MaxpnpBi A^ HBjuiexcH cyMMoii npoH3BepeHHH bh- 
pa ajjjj ... rpe ai^j^ (s = 1,... ,k) - KOMnoHenxBi MaxpnpBi A. 
Hexpypno BHpexB, hxo 

• • • ^ikjk)i^) E ^iljl (ui)... 

^^kjk (uk). (5.21) 

Ul...Uk=U 

Kaxcpoe cjiaraeMoe b cyMMe b npaaoH nacxH fl5.2ip paano 0, x.k. 
ecjiH ui... Uk = u a \u\ < k, TO 3 s E {1,..., k} : Us = e, oxxypa no 
npepnojiojKeHHK) cjiepyex, hxo apjs(Ms) = = 0- 

HcKOMan Maxpnpa Y A^ onpepejiHexcn KaK Maxpnpa h3 , 

k>l 

3HaHeHHe KoxopoH Ha KaxcpoH cxpoKe u E X* panno cyMMe Bcex 
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MaxpHn; BH^a A’^{u), r^e k > 1. Ha BbimecKaaaHHoro cjie^yeT, hto 
jinniB KOHeHHoe hhcjio MaxpHn, xaKoro BH^a oxjihhho ox HyjieBofi. 

PaBencxBo (15.201) ^oKasBiBaexca xax >Ke, k&k ^oKaaBiBaexcH ana- 
jioxHHHoe eMy paBencxBo (15.Op . h cjie^yex h3 xoro, hxo Vm G X* 

(A + A(J:a'‘))(u) = (J:A'‘)(u). ( 5 . 22 ) 

fc>l k>l 


06ocHyeM (I5.22p . 

|tt| 

HycxB B = R C = A^. Hexpy^no bh^oxb, hxo 

k=l k>\u\ 

• Maxpnpa {AC) {u) - HyjieBaa, x.k. KajK^aa KOMnoHenxa Maxpn- 
pBi AC aBjiHexcH cyMMofl npoHSBe^eHHH BH^a aijCjk, r^e aij h 
Cjk - KOMnoHenxBi A h C cooxBexcxBenHo, h nocKOJiBKy 

{(XijCjk){u) ^ ' Oiij{u\)Cjk{U‘2^ (5.23) 

U\U2=U 

xo H3 \u 2 \ < |m| cjie^yex, hxo Maxpnpa C{u 2 ) aBjiHexcH nyjie- 
BOH, B HacxHocxH Cjk{u 2 ) = 0, HosxoMy npaBaH (a ana^Hx h 
jieBaa) nacxB (I5.23p paana 0, 

• Y = B + C, nosxoMy, HcnojiBaya yxaepjK^eHHe h 3 npe^Bi- 
k>l 

^yipero nyHKxa, jieByio nacxB (I5.22p mojkho nepenncaxB b bh^b 

{A + A{B + C))(u) = A{u) + {AB){u) + {AC){u) = 

l“l+i , (5.24) 

= A{u) + {AB){u) + {) = A{u)+ Y A^{u). ^ ^ 

k=2 

SnaHeHHe nocjie^Hero BBipaacenHa b penoHKe paaenoxB (I5.24p 
coBna^aex c npaaoH HacxBio (I5.22p . ■ 

HycxB X - KOHCHHoe MHOJKecxBo. Mbi 6yfleM HcnojiB30BaxB cjie- 
flyioipHe o6o3HaHeHH3. 

• Chmboji H o6o3HaHaex coBOKynnocxB onepapnii na R^*, cocxo- 
Hipyio H3 onpepejieHHBix b nyHKxe 11.2.21 onepapHH cjiojKeHHH, 
CBepxKH, HxepapHH (pji3 xex cJiyHKpHH, KoxopBie oxo6pa>Kaiox 
e B 0) H yMHOJKeHHa na nncjia h3 R. 
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• JXns npoH3BOJibHoro no;];MHo>KecTBa F C R^* aanncB flF 060 - 
snanaeT MHOJKecxBo Bcex cJiyHKpHH h 3 R^*, KoxopBie Moryx 
6bixb nojiyneKBi h3 cjDyHKpHfi h3 F npn noMoipH npHMeHeHHH 
onepapHH h 3 f2. 

TeopeMa 48. 

riycxB X - KOHeHHoe MHOJKecxBo, n - naxypajiBHoe hhcjio, A - 
Maxpnpa h3 vl B,C - BeKxop-cxojiGpBi pa3MepHocxH n na^ 
HMeroipHe bh^ 



^ flu . 

• • ^In ^ 


(bi \ 



A = 

V ®nl 

• • ^nn / 


\bn / 

■ 

V Cn / 


npHHeM Maxpnpa A{e) - nyjieBaa, h Bepno paBencxBo 

{E, - A)B = C. (5.25) 


Tor^a 

Vi = l,...,n hieVt{xe,aij,Ci\i,j = (5.26) 


^OKasaxejifcCTBO. 

/I,OKa>KeM xeopeMy HH^yKpHefi no n. 

Ecjin n = 1, xo fl5.25p nivieex bh^ (X£~®ii)^i = Ci. IIocKOJiBKy no 
npe^nojioJKenHK) aii(£) = 0, xo k Oh Moncno npnMennxB onepapnio 
Hxepapnn, n, corjiacno onpe^enennio fl5.5p . Bepnti panencxBa 

hi = {Xe + an)(X£ - aii)bi = {Xe + an)ci 


T.e. B ^aHHOM cjiynae fl5.26p Bepno. 

riycTB n > 1. riepennineM fl5.25p b bh^o cncxeMBi paBencTB 


{ (Xe ^ 11)^1 • • • ^l,n—l^n—1 

71—1^71—1 “1“ (Xe ^rin)^n 


(5.27) 


HcnojiBByn paccyjK^ennn, anajiornnnBie BBimeH3Jio>KennBiM, no- 
jiynaeM, nxo nocjie^nee panencxBo b fl5.27p paBnocnjinno paBencxBy 

bn (Xe ®nn)(^77 F Onl^l “1“ . • • "1“ ®n,n—l^n—l)- (5.28) 
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SaMeHHM B fl5.27p bo Bcex paBencTBax, xpoMe nocjie^Hero, BBipaxce- 
HHe bn Ha npaByio nacTB paaencTBa fl5.28p . Ilocjie pacKpBixHH ckoGok 
H npHBe^eHHH ho^oGhbix hjibhob coBOKynnocTB othx n — 1 paBencTB 
6y^eT npe^cxaBjiHTB co6oh cHcxeMy, Koxopaa b MaxpHHHofl aanncH 
HMeex BHfl 

{E, - A’)B’ = C\ (5.29) 

r^e KOMnoHeHXBi a[pb[,c[ {i,j = 1,..., n — 1) MaxpHp A',B', C hmc- 
lox cjie^yiomHH bh^: 

^ij ~ ^ij ®m(Xe 

b[ = bi, (5.30) 

Cj Cj + O^iniXe E (lnn)Cn- 

IlocKOJiBKy \f f,g E R^* Bepno paBencxBo {fg){s) = f{e)g{e), xo 
H3 fl5.30p H H3 xoro, Hxo Maxpnpa A{e) HyjieBaa, cjie^yex, hxo Max- 
pnpa A'{e) HyjieBaa. TaKHM o6pa30M, k MaxpapaM A', B', C mojkho 
npHMOHHXB HHpyKXHBHoe HpepHOJiojKeHHe, corjiacHo KoxopoMy 6y- 
pex BepHo yxBepjKpenne xeopeMBi 081 b KoxopoM MaxpnpBi A, B,C 
3aMeHeHBi na A', B', C cooxBexcxBeHHo, x.e. 

Vi = l,...,n-1 G 12{x£,a^,c' I i, j = 1,... ,n - 1}. (5.31) 

H3 fl5.3np cjiepyex, hxo 

Vi, j = 1,... ,n - 1 aV,c'e 12{x£,ap,Ci I i, j = 1,... ,n}. (5.32) 
H3 fl5.3ip H fl5.32p cjiepyex, hxo 

Vi = l,...,n-1 e I i, j = 1,... ,n}. (5.33) 

H3 fl5.28p H fl5.33p cjiepyex, hxo 

bn e Vt{xe,aij,Ci I i, j = 1,... ,n}. (5.34) 

H3 fl5.33p H fl5.34p cjiepyex yxBepxypeHHe xeopeMBi 08) ■ 

TeopeMa 49. 

IlycxB X - KOHeHHoe MHoxcecxBo. Torpa 

= ^{Xe,Xx\x E X]. (5.35) 
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^OKasaTejibCTBO. 

KaK Gbijio oTMeneno b Hanajie nvHKxa Xe ^ ■ KpoMe xoro, 

Vx G X Xx ^ x.K. Xx = fi, r^e L - JIA BH^a fll.7p pasMepnocxH 
2 , KOMnoHenxBi Koxoporo HMeiox cjiB^yroipHli bh^: 


e° = (i,o), L^ = 



Ly = 



fljia y^x,X = 


CorjiacHo xeopeMe HHl saMKHyxo oxHocnxejiBHo onepapHH h 3 
Cjie^oBaxejiBHo, npaBaa nacxB cooxHomeHna fl5.35p co^epjKHxcH b 
jieBOH ero Hacxn. 

^OKajKeM, Hxo BepHo h oGpaxHoe BKjiioHeHHe. 
riycxB / = /x,, r^e L - JIA BH^a (^°, {L^ | a; G X}, A). 

V M G X* o6o3HaHHM 3anHCBio Lu Maxpnpy h 3 (r^e n - pa3- 
MepHocxB JIA L), HMeiomyio bh^ L'^Xu (t-b. KajK^aa KOMnoHenxa Lu 
npe^cxaBjiaex co6oh npoHBBe^eHHe cooxBexcxByromeii KOMnoHenxBi 
MaxpnpBi L“ H JIA® Xu)- 

06o3HaHHM cHMBOjioM A MaxpHpy Hexpy^Ho bh^bxb, hxo 

xex 


Wk>lA’^= T. Lu. (5.36) 

xi,...,xkex uex'^ 

IIocjieflHee paBencxBo b fl5.36p Bepno noxoMy, hxo 

Vxi,..., Xfc G X Lxi ■ ■ ■ ^x^. kjxi...xk. (5.37) 

(| 5.37p cjie^yex h 3 paBencxBa ... Xx^ = Xxi...xk. 

IIocKOJiBKy Maxpnpa A{e) - nyjieBaH, xo, corjiacno xeopeMe fHTp . 
cyipecxByex Maxpnpa A^, ^jih Koxopofi Bepno paBencxBo fl5.20p . 

fc>i 

KoMnoHenxBi MaxpHpBi A npe^cxaBjiHiox co6oh cyMMw JIA® 
BH^a aXx, r^e a G R h a: G X. Cjie^OBaxejiBHO, ncnojiBByn pa- 
BOHCXBO fl5.2np H xeopeMy HHl npHMeHHeMyio k cxoji6n,aM MaxpnpBi 
E^ + (^Y ) mojkho 3aKjiionHXB, nxo KOMnoHenxBi sxofl MaxpnpBi 

npHHa^jiejKax MHOJKecxBy kl{xe,Xx \ x G X}. 

H3 fl5.36p cjie^yex, nxo 

VmgX* (e,+(Y,A^ y){u) = L^. (5.38) 

k>l 
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HanoMHHM, HTO Vm G X 


hiu) = (5.39) 

06o3HaHHM KOMnOHeHTL.1 BCKTOpOB A H MaxpHU, L“, Ei;+(^Y1 

sanHCHMH Xj, L“- h aij cooTBexcTBenHo (r^e i,j = B 

9XHX o6o3HaHeHH3x paBencxBo fl5.39p mojkho nepenncaxb b bh^b 

n n 

(5.40) 

i=l j=l 

Onpe^ejiHM cJiyHKpHio / kbk jiKHefinyio KOMCnHapHio cJiyHKpHH 

ttij BH^a 

n n 

/ = si: (5.41) 

i=l j=l 

AJoKaacBM, Hxo / coBna^aex c fi. Ho onpe^ejieHHio f,\/uE X* 

n n 

/(«) = (5.42) 

i=ij=i 

H3 fl5.38p cjie^yex, hxo Vi,j = 1,... ,n aij(u) = L“., no9xoMy mojk- 
Ho nepenncaxb fl5.42p b bh^b 

n n 

/(i‘) = EEC%irr (5.43) 

i=l j = l 

IlocKOJiBKy npaBaa nacxb fl5.43p coBna^aBx c npaBofl HacxBio fl5.40p , 

XO, CJIB^OBaXBJIBHO, H JIBBBIB HaCXH 9XHX paBBHCXB COBHa^aiOX, X.B. 
BBpHO paBBHCXBO /(m) = /i,(m), HXO H XpB6oBajIOCB flOKa3aXB. 

Kax 6bijio oxmbhbho bbihib, bcb cJiyHKpHH Qij npHHa^jiBJKax mho- 
jKBCXBy Q{xe,Xx I X G X}, no9XOMy, corjiacHO onpB^BJiBHHio fl5.4ip . 
(JiyHKpHH / (x.B. fi) XOJKB npHHa^JIBJKHX 9XOMy MHOJKBCXBy. ■ 


5.4 JlHHGHHbie npocTpancTBa, CBasaHHbie 
C JIHHeilHO-aBTOMaTHblMH (J)yHKIj;HaMH 

riyCXB X - KOHBHHOB MHOJKBCXBO, H / G R^*. 
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Mbi Gy^eM Hcnojit>30BaTb cjie^yiomHe o6o3HaHeHHH: V m G X* 
o6o3HaHaeT 4)yHKn;HK) h 3 R^*, onpe^ejiaeMyio cjie^yiomHM o6pa- 

30m: 

Vmi e X* fuiui) = f{uui), 

VL Ef o6o3HaHaeT no^npocTpancTBo jiHHefiHoro npocxpancTBa , 
nopojK^eHHoe MHoxcecTBOM {fu I u G X*}. 

TeopeMa 50. 

IlycTB X - KOHeHHoe MHoacecTBo, / G R'’^-*, H n - naxypajiBHoe 
HHCJio. Cjie^yiomHe ycjioBHH sKBHBajienxHBi: 

1. cyipecxByex JIA L pa3MepHocxH ne GojiBine n na^ X, xaKofi, 

™ /l = /, 

2. dim Ef < n. 

^OKasaxejiijCTBO. 

/JoKaaceM, Hxo h 3 ycjioBHH 1 cjie^yex ycjioBHe 2. 

IlycxB JIA L = {L* I a; G X}, A) HMeex pa3MepHocxB k < n 

H y^oBjiexBopnex ycjioBHio fi = f, x.e. 

VmgX* /(m)=^°L“A, 

oxKy^a cjie^yex, hxo V m G X* cJayHKpHH fu y^oBjiexBopHex ycjioBHio 
Vmi G X* A(mi) = f{uu,) = = (e°L“)L“iA. 

\/ i = 1,..., k o6o3HaHHM 

• 3anHCBio e* Bexxop-cxpoxy h3 R^, is KOMnoHenxa Koxopofi 
paBHa 1, a Bce ocxajiBHBie KOMnoHenxBi paBHBi 0, h 

• 3anHCBio fi - (JayHKpHK) h 3 R^*, onpe^ejiaeMyio cjie^yiomHM 
o6pa30M: 

Vm G X* fi{u) = CiL^X. 

IlocKOJiBKy {ei,...,efc} - 6a3HC b R^, xo cyipecxByiox nncjia 

k 

ai, ..., Ofc G R, xaKHe, hxo = Y, ca^i- Cjie^oBaxejiBHo, 

i=l 

k k 

WuiE X* fu{ui) = ^OiCiL^iA = 

i=l i=l 
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fy^ ^ ^ifi‘ 
i=l 

TaKHM o6pa30M, Vm G X* cJiyHKpHH fu npHHa^JieJKHT JIHHefiHO- 
My no^npocTpancTBy b R^*, nopoac^enHOMy cJiyHKpHHMH /i,..., /fc. 
Oxciofla Henocpe^cTBeHHo cjie^yeT ycjioBHe 2. 

TenepB ^oKaxceM, hto h 3 ycjioBHa 2 cjie^yeT ycjioBHe 1. 
Onpe^ejiHM KOMnoneHTBi [x E X), X hckomobo JIA L cjie- 

ayTO Tim M o6pa30M. BbiGepeM 6a3HC b npocxpancTBe Ef, MMeTo iim B 

BHfl {fui 7 • • • 7 fuh } 7 7 * * * 7 ^ ^ * 

• T.k. / = a G Ef, TO 3 e ?7 • • • 7 ^' ^ R : / = E 

i=l 

Onpe^ejiHM , ^fc). 


/ an 


aifc 


, r^e Vi = 1,... ,k nncjia 


Vx e X = 

V afci ... ttkk 

an, . . ., Qik 5IBJI3IOXC3 KOScJicJiHpHeHXaMH pa3JIO>KeHH5I (|)yHK- 

k 

PHH fuix no 6a3Hcy {f^,,..., fuj- f^x = E a^E.. 

i=i 


A = 


^ fulie) 

V fu,i£) 

AI,OKa>KeM (MHayK im ePT no |m|), nxo V-u,x G X* Bepno paBencxBO 


' fuiiv) 

V fn,{v) 


( fuAuv) 

V fu^iuv) 


(5.44) 


• Ecjin u = e, xo fl5.44p Bepno no onpe^enennio A. 

• IlycxB fl5.44p Bepno ^Jin nenoxoporo u n npoH3BOJiBnoro v. 


104 










Tor^a V X G X 



( fniiv) \ 

( fndd \ 

LUX 

= 

= 


V fuM ) 

V fu,d) ) 


E aijfujiv) 
)=i 

k 

\ j=l 


= L" 


' fu^x{v) ^ 

— 

' fudxv) ^ 

_ 

^ fuduxv) \ 

^ fukx{v) ) 


1 fud^v) J 

“ 

1 fud^Xv) ) 


\ 

/ 


TaKHM o6pa30M, fl5.44p Bepno ^jia npoH3BOJit.Ht,ix u,v E X*. 
HcnojiB3yH fl5.44p . ^oKaaceM, hto fi = f- 

( fui{£) 

yu EX* fiiu) = 


= e 


^ fuAu) 

V fn,{u) 


\ fud^) 


= EC%H = /(«). 

i=l 


H 3 xeopeMBi [50] cjie^yeT, hto ecjin (|)yHKii,HH / G cy- 
mecTByex JIA L na^ X, xaKon, hxo fi = /, to dimii^/ aBjiaexcH 
HaHMeHBineH bo3mo>khoh pa3MepHocxBio xaKoro JIA. 


riycxB X - KOHeHHoe MHoacecxBo. Mbi Gy^eM oGoBHanaxB 3 a- 
nncBio R(X) KOJiBpo MHoroHjienoB c KoocJicJiHpHeHxaMH h3 R ox 
H eKOMMyxHpyroipHx nepeMOHHBix h 3 MHoxcecxBa X. KajK^Bifi sjie- 
MOHx p E R(X) MOJKHO paccMaxpHBaxB KaK (JiopMajiBHyio cyMMy 

n 

BH^a E CLiUi, r^e Vz = 1,..., n a* G R, Wj G X*. 

i=l 

JXjiii KajK^oH (|)yHKn;HH / G R^* mbi 6y^eM oGoBnanaxB xcm ace 
CHMBOJioM / jiHHeiiHoe npoflojiJKeHHe sxoh cJiyHKpHH Ha R(X), x.e. 
(JiyHKpHio BH^a R(X) —R onpe^ejiaeMyio cjie^yiomHM o6pa30M: 

n n 

Wp E R(X), ecjiH p = '^aiUi, xo f{p) =^'^aif{ui). 

i=l i=l 

V/gR^* MBI Gy^eM oGo3HaHaxB 3anHCBio ~/ oxHomeHHe okbh- 
BajieHXHocxH Ha R(X), onpe^ejiaeMoe cjie^yiomHM oGpa30M: 

Vpi,p 2 e R(X) Pi P 2 ^ yu E X* f{piu) = f{p 2 u). 
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JXjis KajK^oro p G R{^) mm Gy^eM oGosHanaTL. aannct-io [p] 
Kjiacc 3KBHBajieHTHOCTH COflepJKamHH p. Hexpy^HO BH^eXB, HXO 
coxpanaex onepapHH cjiojKenHH h yMHOJKenHH na HHCJia h3 R, 
noaxoMy onpe^ejieHo cJiaKxopnpocxpaHcxBo R{X)/^j,. 

TeopeMa 51. 

Ilycxb X - KOHeHHoe MHOJKecxBo, / G R^*. Tor^a 
dim Ef = dim (^R(X)/..^^^. 

^OKasaxejibCTBO. 

/I,OKa>KeM, Hxo KajK^oro naxypajiBHoro nncjia n Bepno co- 
oxHomenne 


dimEf<n dimR(X)/...oj. < n. (5.45) 

JleBaa nacxB fl5.45p paBHocHJiBHa ycjioBHio 


3 Ml,. . ., Uji G X* : VM G X* 3 Oi,. . . , (In G R ; 

n 

VmgX* f{uv) = f^aif{uiv). 

i=l 

IIpaBaa nacxb fl 5 . 45 p paBHocHJiBHa ycjioBHio 
3 pi, ...,Pne R(X) : Vp G R{X) 3 ai, ... ,a„ G R : 

n 

[p] = E ai\Pi]- 

i=l 


(5.46) 


(5.47) 


Hexpy^Ho ^OKaaaxB, hxo fl5.47p sKBHBajienxHo ycjioBHio 


3 Ml,. . ., Un G X* : VM G X* 3 Oi,. . . , dn G R : 

n n 

[m] = E ai[ui] = [J2 a-iUi]- 

i=l i=l 


(5.48) 


PaBencxBo [m] 
COOXHOmeHHK) 


n 

[Y, diUi\ paBHOCHJIBHO yCJIOBHK) M 
i=l 


n 


i=l 


T.e. 


Vm G X* /(mm) = /((^^aiMi)M) = ^aif{uiv). 

i=l i=\ 


Hcnojibayji nocjie^nee saMenaHHe, saKjiioHaeM, hxo ycjioBHH fl5.46p 
H fl5.48p 9KBHBajieHXHBi, oxKy^a cjie^yex ^oKasBiBaeMoe cooxHome- 
HHe (15.4511 . ■ 
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IlyCTL. X - KOHCHHOe MHOJKeCTBO, H / G R^*. 

Mbi 6y^eM HcnojitaoBaTL. cjie^yiomHe o6o3HaHeHH3. 

• Vm G X* aanncB /„ oGosHanaeT (j3yHKii,Hio h3 x.e. 

U-.X*xX*^ R, 

onpe^ejiHeMyio cjie^yiomHM o6pa30M: 

\/Vi,V 2 eX* fu{vi,V 2 )'^ f{viUV 2 ). 

• SanncB Ej o6o3HaHaeT no^npocTpancTBo jiHHeflHoro npocxpan- 
cxBa R^*^^*, nopojK^eHHoe MHOJKecxBOM {/„ | u G X*}. 

• SanncB If o6o3HaHaex H^eaji KOJiBpa R(X), onpe^ejiHeMBiii 
cjie^yiomHM o6pa30M: 

If G R(X) I Vpi,p2 G R(X) f{p,pp2) = 0} 

Hexpy^Ho flOKa3axB, hxo If ^eHcxBHxejiBHo aBjiaexca n^ea- 
jioM, H, cjie^oBaxejiBHo, onpe^ejieHo cJiaKxop-KOJiBpo R(X)//j, 
Koxopoe xaKJKe HBjiaexca jiHHefiHBiM npocxpancxBOM na^ R. 
Vp G R(X) MBi 6yp;eM o6o3HaHaxB cooxBexcxByroipHH sjieMenx 
(JiaKxop-KOJiBpa R(X)//j 3anHCBio [p]. 

TeopeMa 52. 

IlycxB X - KOHeHHoe MHOJKecxBo, / G R^*. Torp;a 
dimE'j: = dimR(X)//j. 

^OKasaxejifcCTBO. 

/loKaaceM, hxo p;ji3 Ka>Kp;oro naxypajiBHoro nncjia n Bepno co- 
oxHomeHHe 


d\m.E^<n ^ dimR(X)//j < n. 
JleBaa nacxB fl5.49p paBHocHJiBHa ycjioBHio 

3 Ml,..., G X* : Vm G X* 3 ai,..., G R ; 

n 

Vmi,M2 G X* f{viUV2) = E aif{ViUiV2). 

i=l 


(5.49) 


(5.50) 
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IIpaBaH HacTL. fl5.49p paBHocnjibna ycjioBHio 


3pi, ... e R'(-^) : Vp G R(X) 3ai,... ,a„ e R ; 

n 

[p] = E ai\Pi]- 

i=l 

HeTpyp;Ho p;oKa3aTB, hto (15.5ip 3KBHBajieHTHo ycjioBHio 
3 til,. . . , Ufi G X* : V ti G X* 3 Oi,. . ., dji £ R • 

n n 

\ u \ ( 3/2 [w-j] [ ( XiUj ^. 

2 = 1 2=1 


(5.51) 


(5.52) 


PaBeHCTBO [m] 


n 


n 


[E CiiUi\ paBHOCHJIBHO yCJIOBHK) M — E ^ If, 

2 = 1 2=1 


T.e. COOTHOmeHHK) 


\fvi,V2eX* f{vi{u-'^aiUi)v2) = 0 

2=1 

KOTopoe Moi^Ho nepeniicaTb b bh^b 

n 

Wvi,V2 G X* f{ViUV2) = '^aif{ViUiV2). 

2=1 

Hcnojibayji nocjiep;Hee saMenaHHe, saKjiioHaeM, hto ycjioBHH fl5.5np 
H fl5.52p 3KBHBajieHTHBi, oTKyp;a cjiep;yeT p;oKa3BiBaeMoe cooxHome- 
HHe fl5.49p . ■ 

TeopeMa 53. 

IlycTb X - KOHeHHoe MHoacecTBo, / G R'’*'*. Torp,a ffjis Ka>Kp;oro 
HaxypajiBHoro nncjia n BepHbi HMnjiHKapHH 

dim£'^- <n ^ < n, (5.53) 

dim Ef <n dimEj: < n^. (5.54) 

^OKasaxejiijCTBO. 

dI,OKa>KeM HMnjiHKapHio (I5.53p . 

KaK Gbijio oTMeneno b p;oKa3aTejiBCTBe xeopeMbi [521 JieBaH nacTB 
fl5.53p paBHocHJiBHa ycjioBHio fl5.50p . h 3 Koxoporo (nojiaraa vi = e) 
nojiynaeM ycjioBHe fl5.46p . Koxopoe, KaK Gbijio oTMeneno b p,oKa3a- 
xejiBCTBe xeopeMbi [511 paBHocHJibHo npaBofl nacxH fl5.53p . 
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Tenepb ^oKaxceM HMnjiHKapHio fl5.54p . 

CorjiacHo xeopeMe EHl h3 jicboh nacTH fl5.54D cjie^yeT, hto cyipe- 
CTByex JIA L pasMepnocxH k < n na^ X, xaKofi, hxo /l = /. 

IlycxB L HMeex bh^ {L^ | x G X}, A), h m - npoHSBOjiBHaH 
cxpoKa H3 X*, xor^a 

yvi,v2ex* 

fuivi,V2) = f{viUV2) = = ^ 

06o3HaHHM 3anHCBio Eij (r^e i,j = 1,... ,k) KBa^paxnyio Max- 
pnpy nopa^Ka fc, b Koxopofi KOMnoHenxa b cxpoKe i cxoji6n,e j paBna 
1, a Bce ocxajiBHBie KOMnoHenxBi paBHBi 0. HcnojiB3ya 3 xh o6o3Ha- 
HeHHH, MOJKHO npe^cxaBHXB Maxpnpy b bh^b cyMMBi 

L“ = aijEij, (5.56) 

F^e Qij - KOMnoHenxa MaxpnpBi L“ b cxpoKe i cxojiGpe j. 

H3 fl5.55p H fl5.56p cjie^yex, hxo 

Vxi,F;2eX* Uv,,V2)= Y ai,eL^^E,jL-^X. (5.57) 

i,j=l,...,k 

06o3HaHHM 3anHCBio fij (r^e i,j = l,...,k) (JiyHKpHio h3 
onpe^ejiHeMyio cjie^yiomHM o6pa30M: 

yvi,V2 e X* fij{vi,V2) = er^E,,L^^X. (5.58) 

H3 fl5.57p H fl5.58p cjie^yex, hxo 

Vxi,X2GX* f^(vi,V2)= Y (5.59) 

H3 fl5.59p cjie^yex, hxo cJiyHKpHH /„ npHna^jiejKHx no^npocxpaH- 

cxBy jiHHeHHoro npocxpancxBa , nopoJK^eHHOMy (l^yHKpHa- 

MH fij (r^e i,j = 1,... ,k). 3xo no^npocxpancxBO o^HnaKOBO ^Jia 
Bcex u G X*. riocKOJiBKy pa3MepHocxB 3xoro no^npocxpancxBa ne 
npeBocxo^Hx k"^, n k < n, xo, cjie^oBaxejiBHo, Bepna npaBaa nacxB 
HMnjiHKapHH 05.541) . ■ 

Mojkho flOKa3axB, hxo V/ G R'’*'* dimEj = (dimi7j)^. 
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5.5 CneTHOMepHbie jiHHeiiHbie aBTOMaTbi 

H HX HSbIKH 

5.5.1 BcnoMoraxejibHbie nonaxHa 

B 3TOM nyHKxe mm 6yfleM HcnojibsoBaxb cjie^yiomHe oGosHaneHHH. 

• Chmboji N o6o3HaHaex MHOJKecxBo nojiojKHxejiBHBix naxypajiB- 
HBIX HHCejI (1, 2, ...). 

• SanncB oGosHanaex MHoxcecxBo nocjie^oBaxejiBHocxefi ^efi- 
cxBHxejiBHBix HHceji, V/ G R^, Vi G N i-fi Hjien nocjie^oBa- 
xejiBHocxH / o6o3HaHaexcH 3anHCBio /j. 

• Chmboji S o6o3HaHaex MHOHcecxBo Bcex nocjie^oBaxejiBHocxeH 

^ G R^, yflOBjiexBopjHoin;HX ycjiOBHio iCd < oo- 

i>l 

Mbi 6yfleM paccMaxpHBaxB sjieMenxBi S Kax cnexHOMepHBie 
BeKXOp-CXpOKH. 

• Chmboji A o6o3HaHaex mhojkocxbo Bcex nocjie^oBaxejiBHocxeH 
A G R^, y^oBjiexBopjHoipHx ycjioBHio sup |Aj| < oo. 

i>l 

Mbi Gy^eM paccMaxpHBaxB sjieMenxBi A Kax cuexHOMepHBie 
Bexxop-cxojiGpBi. 

• Chmboji l-i o6o3Hauaex MHOJxecxBo Bcex GecxoneuHBix MaxpHu; 

H, XOMHOHeHXBI XOXOpBIX HH^eXCHpOBaHBI HapaMH HaxypajIB- 

HBIX UHCejI, H y^OBJieXBOpHIOX yCJIOBHK) sup \Hij\ < oo. 

i>l j>l 

VR, R' G "H 3anHCB HH' o6o3Hauaex Maxpnpy h3 "H, xomho- 
HeHXBi xoxopoH onpe^ejiHioxcH cjie^yiomHM o6pa30M; 

V*,jgN = 

k>l 


Hexpy^HO bh^oxb, uxo 

— onepapHH yMHOJxeHHH MaxpHu; h 3 'H accopnaxHBHa, h 


no 



— HeHTpajibHMM sjieMeHTOM oTHocHxejibHo 9TOH onepapHH 
aBjiHexcH Maxpnpa E, onpe^ejiHeMaa cjie^yiomHM o6pa- 

def 

30 m: Vz, j G N Eij = 1, ecjiH i = j, vi 0, HHane. 

• V^gS, y H aanncB oGosHanaex Bexxop-cxpoxy h 3 S, 
KOMnoHenxBi Koxopofi onpe^ejiHioxca cjie^yiomHM o6pa30M: 

VzgN = 

k>l 

• VAgA, y H ^ Ti 3anHCB HX o6o3HaHaex BeKxop-cxojiGen; 
H3 A, KOMnoHenxBi Koxoporo onpe^ejiHioxca cjieflyroipHM o6- 
pa30M: 

VzgN iH\), = Y,Hi,X,. 

k>l 

5.5.2 IloHaTHe CHexHOMepHoro jinneiiHoro aBxo- 
Maxa H CBHSaHHbie C HHM nOHHXHH 

IlycxB 3aflaHo KOHennoe MHOJKecxBo X. 

CneTHOMepHijiM jiHHeHHtiM aBTOMaxoM (CJIA) MBi Gy^eM 

Ha3BIBaXB XpOHKy L BH^a 

L = I X G X},A) (5.60) 

r^e G S, Vx G X eH,XeA. 

Tax >Ke, KaK h ^jia oGbihhbix JIA, ^jih KajK^oro CJIA L mojkho 
onpe^ejiHXB noHHxne peaxpaH G R^* h 5i3Bixa La C X*, npep- 
cxaBHMoro CJIA c 3apaHHOH xoHxoii ceHennH a G R; 

• Vm G X* fiiu) =‘'^°L“A, rpe 

j^u J Aj-i eCJIH U = 6, 

1 ecjiH u = Xi... Xn, rpe Xi,..., x„ G X, 

• 33BIX La onpepejiHexcH cooxHomeHneM fl4.2Up . 

nycxB L = I X G X}, A) - CJIA. 

BasHCHtie MaxpHati CJIA L - sxo GecxoneHHBie MaxpnpBi Ml 
H Xl, oGjiapaioipHe cjiepyroipHMH cBOHCxBaMH: 
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• cTpoKH MaxpHi^M oGpasyioT Gaanc jiHHeHHoro no^^npocxpaH- 
cxBa npocxpaHcxBa S, nopojK^eHHoro cxpoKaMH BH^a 

r^e u e X*, 

• cxojiGpBi MaxpnpBi oGpaayiox Gaanc jiHHefiHoro no;];npo- 
cxpancxBa npocxpancxBa A, nopojK^enHoro cxojiGpaMH BH^a 
L“A, r^e u G X*. 

BasHCHBie MaxpnpBi h onpe^ejiHiox KonrpysHpHH na jih- 
HeiiHBix npocxpancxBax S h A cooxBexcxBenHo, o6o3HaHaeMBie chm- 
BOJioM H onpe^ejiHeMBie cjie^yroipHM o6pa30M: 

VA, A' e A A -L A' M^A = M^A'. 

Hexpy^Ho flOKa3axb, hxo ecjin Maxpnpa Ml {Nl) HMeex Konen- 
HOe HHCJIO CXpOK (cXOJiGpOb), XO KOHXpySHpHH Ha S (A) HMeex 
KOHeHHBIH HH^eKC. 


5.5.3 CBoiicTBa CHexHOMepHBix jihhghhbix bbto- 
MaxoB 

TeopeMa 54. 

riycxB L - CJIA BH^a fl5.60p . a G R, h = S hjih A. 

Tor^a La - BR 3 jiHHeflHaH KOHrpy3HH;HH ~ KOHennoro panra 
Ha E, oGjia^aiomaH cjie^yiomHMH cBOHcxBaMH: 


Va: G X 3L^ : 



(5.61) 


r^e - (|)aKxop-npocxpaHcxBo, h —)■ E^ - KaHOHHHecKan 

npoeKpHH, 


• 3 jiHHeHHoe oxoGpaxceHHe A..... : E^ —)■ R, 3 G E^, 36 G R: 

ueLa ^ X4dAl)>b. (5.62) 

^OKasaxejibCTBO. 
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OGocHyeM jihuil. HMnjiHKaii,Hio 
IlycTL. 3 BA i?, 3 6 G R : La = 

06o3HaHHM CHMBOJIOM TT 3nHMOp(|)H3M E —)■ 

HcKOMaa KonrpysHpHH ~ onpe^ejiiieTCJi cjie^yroipHM o6pa30M: 

• ecjiH R = S, TO ~ = 7r(,^")R“, 

• ecjiH R = A, TO A' ~ A" R“7r(A') = R“7r(A"). ■ 

Otmothm, hto fljiH KajK^oro CJIA L 

• KOHrpyoHpHa (onpe^ejieHHaa b Konpe nyHKTa I5.5.2p o6jia- 
^aeT CBOHCTBOM fl5.6ip . H 

• ecjiH KonrpyoHpHH HMeeT Kone^HBiH HH^eKc, to 33BiKa 

(/l)o BBinOJIHCHBI yCJIOBHS TeOpOMBI IMl 
(nanoMHHM, hto V/ G R^* /o {u G X* \ f{u) > 0}) 

IlycTB G - HOKOTopaH nojiyrpynna. Mbi Gy^eM HcnojiB30BaTB 
cjie^yiomHe oGoBHaneHna. 

• SanncB R^ oGo3HaHaeT mhojkoctbo (JiyHKpHH BH^a / : G —)■ R. 

R'^ 3BjiHeTCH jiHHeflHBiM npocTpaHCTBOM, B KOTopoM onepapHH 
cjiojKeHHa H yMHoaceHHH na ^eHCTBHTejiBHBie nncjia onpe^ejia- 
lOTCH CTan^apTHBIM oGpa30M. 

• V/ G R«, Vm G G 3anHCB /„ oGoBnanaeT cJiyHKpHio h 3 R^, 
KOTopaa conocTaBjiaeT Kaac^oMy m' G G hhcjio f{uu'). 

. V/gR^ 3anHCB Tf oGoBHanaeT mhojkoctbo {/« | m G G}. 

. V/gR« 3anHCB (Tf) oGoBHanaeT no^npocTpancTBo jiHHefiHo- 
ro npocTpancTBa R*^, nopojK^enHoe (|)yHKn,HHMH h 3 Tj. 

TeopeMa 55. 

IlycTB G - nojiyrpynna, / G R*^, h |/m(/)| < oo. Tor^a 
dim (Tj) < oo ^ \Tf \ < oo. 

^OKasaTejiBCTBO. 

HMnjIHKapHH HBJiaeTCH ohobh^hoh. 

AIOKaJKOM HMnjIHKapHIO 
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(Tf) MOJKHO paCCMaxpHBaTb KaK HOpMHpOBaHHOe KOHeHHOMepHOe 
jiHHeHHoe npocxpancTBo, r^e ||/|| = max|/(M)|. 

u&G 

Tf - orpaHHHeHHoe no;];MHo>KecxBo (Tj), nosxoMy Tf - KOMnaKx. 

Ha |/m(/)| < oo cjie^yex, hxo 3c > 0: 

yU^fu.eTf \\U-U\>c (5.63) 

Ha KOMnaKXHocxH Tf cjie^yex, hxo MHOJKecxBo oxKpbixbix mapoB c 
penxpaMH b xoHKax vl 3 Tf pa^nyca | co^epjKHx KOHennoe ho^mho- 
jKecxBo, noKpBiBaiomee Tf. Corjiacno fl5.63p . oxcro^a cjie^yex, hxo 
\Tf \ < cx). ■ 

TeopeMa 56. 

Hycxb L - CJIA BH^a fl5.60p . a E H, r E = 3 hjih A. 

Tor^a aabiK La peryjiapen 3 jiHHeHHaa KOHrpyanpHa ~ ko- 
HeHHoro panra na E, xaKaH, hxo 

• ~ o6jiaflaex cBoilcxBaMH, najiojKeHHBiMH b xeopeMe [Ml 

• \{X^{eAl)\uEX*}\<oo. 

^OKasaTejibCTBO. 

HMnjiHKapHH cjie^yex na xeopeMbilMl b ^anHOM cjiynae B 

k;ia, h 

'iueX* A^(eA“)e{0,l}. 

AlOKaJKBM HMnjIHKapHIO 

OGoanaHHM chmbojiom / (JiyHKpHio na R^*, Koxopaa conocxaB- 
jiHex KajK^oMy u G X* hhcjio A“). HocKOJiBKy / - JIA®, xo 

dim(L/) < oo, noaxoMy no xeopeMe 1551 |L/| < oo. 

Hexpy^no BH^exb, nxo nawK La coBna^aex c MHoacecxBOM cxpoK, 
Koxopwe npHHHMaioxcn KonennbiM ^exepMHHnpoBaHHBiM aaxoMaxoM 
A = (X, S,s°,6,E), r^e 

. S'^A^ifJueX*}, 

• S^ = fs = f, 

. 5: SxX^S, 

. E^A^{U\f{u)>a}. m 
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TeopeMa 57. 

IlycTL. / G R^*, \Im{f)\ < oo. 

Tor^a / - JIAO |{/„ | u G X*}| < oo. ■ 

TeopeMa 58. 

IlycTt. S C X*. Tor^a xs (xapaKTepncTHHecKaH (l^yHKpHH no^- 
MHOJKecTBa S) - JIAO S peryjiapen. ■ 

TeopeMa 59. 

riycTL. / G R^*, \Im{f)\ < oo. 

Tor^a / - JIAO V a G R {u G X* \ f{u) = a} peryjiapen. 

^OKasaTejibCTBO. 

HMnjiHKapHH cjie^yeT h 3 TeopeMbi 1561 
^OKaaceM HMnjiHKapHio “<^=”. 

IlycTt. Im{f) = {oi,..., a-m}, h Vi = 1,..., m cymecTByex VIA 
Aj, KOTopBifl npe^cxaBjiaeT hsbik {u G X* \ f{u) = a^}. IIpeflcxaBHM 
3XOX VIA B BH^e JIA {B^ \ x G X}, A*), T.e. 

• co^epjKHx e^HHHpy b noanpHH, cooxBexcxByiomeH nanajiB- 
HOMy COCXOHHHK) Aj, OCXajIBHBie KOMnOHenXBI paBHBI 0, 

• (Rf)s,s' = 1, ecjiH s' = Si(s,x), H 0 - HHane, 

• KOMnoHenxBi A*, cooxBexcxByiomHe xepMHnajiBHBiM cocxohhh- 
HM Aj, paBHBI 1, OCXajIBHBie KOMHOHeHXBI Aj paBHBI 0. 



5.6 ^OCTH:»CHMOCTb H paSJIHHHMOCTb B JIH- 
HGHHblX aBTOMBTaX 

5.6.1 /],OCTHiKHMOCTt> 

IlycxB sa^aH AA L = {L^ | x G X}, A), h it, = dimL. 

BeKxop ^ G R” HasBiBaexcH ;j,ocTH:a<;HMBiM b L, ecjiH 

3mGX* : ^ = 
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CTeneHbKJ /i,ocTH:a<;HMOCTH JIA L Haat-iBaeTCH hhcjio 

6{L) = min k : \ u e X*) = \ u G X^^), 

r^e VV^ C R" aanncB iy) o6o3HanaeT no^npocTpancTBo, nopoac^en- 
HOe BeKTOpaMH H3 MHOJKeCTBa V. 

06o3HanHM 3anHCBio Ml GecKOHennyio Maxpnpy, cxpoKaMH ko- 
xopoH nBjinioxcn Bexxopa BH^a (u G X*), n BanncBio r^Mi) - 
panr 3 xoh MaxpnpBi. Hexpy^no BH^exB, nxo r{ML) < n. 

TeopeMa 60. 

Ecjih L - JIA KOHennoH paBMepnocxH, xo ^{L) < r{ML) — 1. 

^OKasaxejifcCTBO. 

IJ,enonKa no^npocxpancxB 

K) c iA c i /2 c ... c R-, 

rjie Eo = (e°) H Vfc > 0 Efc+i \^eVk,xeX}), ne 

MOJKex HeorpaHHneHHo B03pacxaxB. Hexpy^no BH^exb, nxo 

VA;>0 Vk = \ ueX^y, 

H MHHHMajiBHoe fc, xaKoe, nxo i4 = ^+i; coBna^aex c S{L), n y^o- 
BjiexBopnex nepaBencxBy 

k + 1 < dimi4 = ^{Ml), 

oxKy^a cjieflyex yxBepjKflenne xeopeMBi. ■ 

5.6.2 PaSJIHHHMOCTb 

riycxB 3aflaH JIA L = y, {M \ x G X}, A), n n = dimL. 

Bexxopw ^1,^2 £ R-” Ha3BIBaK)XC3 paSJIHHHMblMH B L, eCJIH 

3mGXX (5.64) 

Hnace 3anHCB ,^i ^2 o6o3Hanaex cooxHomenne fl5.64p . 

CxeneHtro pasjiHHHMOCxH JIA L Ha3BiBaexcH nncjio 

p(L) =Vin kyi7^L^2^ 3m G X^^ : ^lE^A ^ ^2L'^X. 


116 




Ha onpe^ejieHHH p(L) cjiep;yeT, hto 

{L“A \ uex*) = (L“A I U e 

06o3HaHHM aanncbio GecKOHennyio Maxpnpy, cxojiGpaMH ko- 
xopoH 5IBJI3IOXC5I BCKXopa BHp;a L“A {u G X*), H aanncBio r{NL) - 
panr 9 xoh Maxpapbi. Hexpyp;HO BHp;exb, hxo rlNi) < n. 

TeopeMa 61. 

Ecjih L - JIA KOHeHHOH pasMepHocxH, xo p{L) < r{Ni) — 1. 

^OKasaxejibCTBO. 

TeopeMa p;oKa3BiBaexc5i anajiorHHHo xeopeMe 160) onpep;eji5iexc3 
penoHKa BjiojKenHBix nop;npocxpaHcxB {Vk \ k > 0}, rp;e 

Vi > 0 Vk = ({L“A I u e 

H Hexpyp;Ho p,OKa3axb, hxo xox noMep k, na KoxopoM 3xa penoHKa 
cxa6HJiH3Hpyexcji (x.e. MHHHMajiBHoe fc, xaKoe, hxo Vk = V^+i), cob- 
nap,aex c p{L). ■ 

5.7 PeajiHsai^HH cJiyHKi^HH na cxpoKax jih- 

HeHHblMH aBTOMaTaMH 

HycxB X - KOHeHHoe MHOJKecxBo. 

TaHKejieBa MaxpHpa cJiyHKpHH / G R^* - sxo GecKOHennaa 
Maxpnpa Hf, CXpOKH H CXOJiGpbl KOXOpOH HHp;eKCHpOBaHBI SJieMBH- 
XaMH MHOJKeCXBa X* R 

Vu,v€X' 

rp;e - sjieMenx b cxpoxe u h cxojiGpe v Maxpapbi HV 

AJjih Ka>Kp,oro u E X* aanncH Hi h HI^ oGoanaHaiox cxpoxy u 
H cxoji6en, u cooxBexcxBeHHo MaxpapBi (p;aHHBie noHHXHH onpe- 
p;eji3ioxc5i xaK ace, kbk aHajioxHHHBie noHHxna h 3 nvHKxa r2.1.2p . 

Mbi 6yp,eM oGoaHaaaxB aanncBio r(/) panr MaxpapBi , x.e. paa- 
MepHocxB jiHHeHHoro npocxpancxBa, nopoayri;eHHoro MHoacecxBOM ee 
cxpoK (hjih cxojiGpob). 
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IIoflMHOJKecTBo B cTpoK (hjih ctojiGpob) MaTpHpBI HaSBIBa- 
excH SasHCHBiM, ecjiH nopoac^aeMoe hmh jiHHefiHoe npocxpancTBo 
(B) coBna^aex c npocxpancxBOM, nopojK^aeMBiM bccmh cxpoxaMH 
(hjih cxojiGpaMH) , h hh o^hh ajieMenx B ne nBjinexcH jinnenHOH 
KOM6HHan;HeH ;];pyrHx sjieMenxoB B. 

TeopeMa 62. 

Ecjih / G R^*, H r(/) < oo, xo b Maxpnpe mojkho bbi- 
6paxB xaKoe 6a3HCHoe MHOHcecxBo B cxpoK (hjih cxojiGpob) , hxo hh- 
^eKc u Ka>K;];oH cxpoKH (hjih cxojiGpa) h3 B y^oBjiexBopjiex ycjioBHio 
\u\ < r{f) — 1. ■ 

By^eM HcnojiB30BaxB cjie^yiomHe o6o3HaHeHHH. IlycxB 

r = r{f) < oo, 

H U H V - HOCJie^OBaxejIBHOCXH CXpOK H3 X* BH^a 

U = {ui,. . . ,Ur), V = {vi,. . . ,Vr) (5.65) 

cooxBexcxBeHHo, o6jiaflaioiu;He cjie^yiomHMH cBOHcxBaMH; 

• Ui = Vi = e, 

• [iil I u E U} R \ V E V} - 6a3HCHBie MHOHcecxBa cxpoK 

H cxojiGpoB MaxpnpBi cooxBexcxBeHHo. 

Tor^a 

• 3anHCB {U,V)^ o6o3HaHaex KBa^paxHyio Maxpnpy nopa^Ka r, 
CXpOKH H CXOJiGpBI KOXOpOH HH^eKCHpOBaHBI SJieMBHXaMH U H 
V cooxBexcxBeHHo (mbi Gy^eM Ha3BiBaxB sxy Maxpnpy 6a3HC- 
Hoii MaxpHi^eii cJiynpHn /), h 

WueU,WveV {U,V)i/^^ f{uv), 

x.e. {U, V)^ - Ho^^Maxpnpa nopa^Ka r MaxpnpBi 

(nexpy^Ho flOKa3axB, hxo {U,V)^ - HeBBipojK^eHHaH no^Max- 

pnpa MaKCHMajiBHoro nopn^Ka MaxpnpBi 
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• Vw G X* sanHCb {U,V)^''^ oGosHanaeT KBa^paTnyio Maxpapy 
nopa^Ka r, cxpoKH h cxojiGpbi Koxopofl HH^eKCHpoBanbi 3jie- 
MeHxaMH U mV cooTBexcxBeHHo, h 

V M e [/, V V e = / {uwv). 

TeopeMa 63. 

IlycTB / G , r = r{f) < oo, n U,V - nocjie^oBaxejiBHocTH 
cxpoK H3 X*, xaKHe, HTo {U, V)'^ GasHCHaa Maxpapa cJiyHKpHH /. 
Torpa 

= {u,vy’^[{u,vyy\u,vy’\ 

^OKasaxejiijCTBO. 

Hexpypno BHpexB, hxo 

({u,vy {u,vy’^ \ 

{u, vy’^ (f/, vy’^^) 

= ((Mi, . . . , Mr, MiM, . . . , UrU), (Mi, . . . , • • • , Wr))^■ 

^HoKasBiBaeMoe paBencxBo aBjiaexcH cjiepcxBneM xoro, hxo panr 
9XOH MaxpHpBi paBen r. ■ 

Hs xeopeMBi |63] BBixeKaex HHJKecjiepyroipaa xeopeMa. 

TeopeMa 64. 

IlycxB / G R^*, r = r(/) < oo, m U,V - nocjiepoBaxejiBHocxH 
cxpoK H3 X*, xaKHe, Hxo {U, V)-^ 6a3HCHaH Maxpnpa cJiyHKpHH /. 
Torpa Vm G X*, ecjiH u = Xi... Xg, rpe Xi,... ,Xs G X, xo 

{u,vy’^ = {u,vy’^y{u,vyy\. y{u,vyy\u,vy’^\ ■ 

TeopeMa 65. 

IlycxB / G R^*, r = r(/) < oo, m U,V - nocjiepoBaxejiBHocxH 
cxpoK H3 X*, xaKHe, Hxo {U, V)'^ - 6a3HCHaH Maxpnpa (|)yHKpHH /. 
Torpa f = fi, rpe L - JIA, onpepejiHeMBiH cjiepyiomHM o6pa30M: 

L = (ei, lie A'}, (U,V)'e\). U 
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